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PREFACE. 



To add one more to the number of elementary 
treatises* on arithmetic would seem, in the abstract, to 
be a useless task; but every person who has be- 
come duly sensible, by long experience in teaching, 
of the importance of inculcating on the minds of 
children, in the commencement of their exercises^ 
clear and intelligible ideas, and a just perception of 
the reason of the rules that are given them, will not 
hesitate to admit, that a work which adds to the fa- 
cilities of the teacher or learner, may have a just claim 
upon those whose important duty it Is to conduct youth 
through the paths of knowledge. In examining the 
drithmetic of the celebrated Frencb writer Bezout, 
' the author was so impressed with the superiority of 
its arrangement and elucidations over any known 
English or American book, that he translated and 
published that work for the benefit of American 

> 

itchools. It is now before the public, and has met 
with ready acceptance on the part of many distin- 
guished teachers. It has been suggested, however, 
by various persons, as well as by the author's own ex- 
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perience, that a book less extensive than Bezout, 
for the use of schofaps in the early sts^es of learning, 
with easy and natural explanations, a variety of exam- 
ples for practice, and verbal questions for the pupil to 
answer, embracing the necessary rules and principles, 
would form a valuable school book. Such is the 
design of the present work. Should the scholar who 
has been conducted through it be found to have a clear- 
er understanding of the primary rules, and of fractional 
as well as integral combinations, than is generally the 
case with pupils at the same period of their progress, 
the anticipations of the auth<M* will be realized, not 
cody in the saving of time, toit in the plea^iure which 
the scholar will derive in advancing into the higher 
parts of arithmetic on a solid foundation. 

The division of the subject into sections^ with 
questions at the end of each calculated to elicit an 
explanation of principles, wiU, it is presumed, a4apt 
^ work to the use of schools conducted ontiieipao- 
nitoriid system, as well as render it more useful to 
others. 

Trusting that enlightened teachers wSl cteurly per- 
ceive that arithmetic thus taught wUl be an intelligibte 
and agreeable study, tjbe work is submitted tvith con- 
fidence to their <^andid judgment, 
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Section 1. 

PKELIMmARY aDEAS. 

,. . . * 

1. TflATo/^hich we can concei^t more anii 
fess, or which may be measured, is called quantity* 
Thus any portion of time, of space, of weight, etc. 
is a quantity. 

2. To measure a quantity, we take sonic known 
quantity of the same kind as a standard with which it 
nnay be compared. For exampte, to convey an fdea 
of the distance between two places, we compare 
this distance to a foot, a yard, a mile, a league, or 
any other known measure of length. 

3. The quantity or measure which we use in com- 
parison is called a unit* 

4. Number shows how many units a quantity con- 
tains. 

5. Arithmetic is the science of numbers : it ex- 
plains their nature and properties, and shows their 
application to the various purposes of life. 

• QUESTIONS 0N SECTION J. 

1. What is quantity? 
% How do we measure a quantity ? 
3^ What is the quantity called which we useiu 
cosipaHsipn? 
#. What :4oeB number show ? 
5. What is arithmetic, and wUg^t doc^ *\\. ^il^w^'** 

1 



3 ELEMENTS or ARITHMETIC 

« » 

Section 2. ^ • 

TtUMJSSATION. 

Q. Numeration h the art of expressing numbers. 
Numbers are foroied by the repeated addition of a 
single unit, and are all represented by the foUowii^ 
ten characters or figures. 

nought, one, , two, tjiree, four, fire, six, Eleven, ei^, nine, 
0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 

t 

I 

The character never represents any number ; 
the other nine are, by wayof distinction, called Wgm- 
ficanijigikrmtJt^xA sometimes also ii^^l 

Note. As it is from the fillers tjbat we are sup- 
posed to derive our numeration, the nine significant 
figures ar£ called digits, from the Latin woSrd digitWy 
a finger. 

The figure 1 represents a single unit ; the figure 
2, a unit added to a unit ; the figure 3, a unit added 
to 2, and thus we may procede to an infinity of nunn- 
bers, because a number can never be so great but 
that we may still add a unit to* it. 

7. Having preceded as far a? nine, we find our- 
selves at a stand, as we have no single character 
with which we can represent the next number, 
which is formed by the addition of 1 to 9. 

This next number is called tm, and is represent- 
ed by the single unit 1, placed on the left of the ci- 
pher, thus 10. 

Now this single unit 1 does not derive its present 
value of )0 units from the cipher, which does not sig- 
nify any number ; but the cipher now occupies the 
place vihicb the 1 would have ioccupied if it had 
stood alone, and this 1 derives its present value of 
ten tmits from its having been r^noved one place 
farther towards ihe left. For this reason, wfaenritiro 
Sgares stand by the side of eachother^ the figure on 
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fbe rjgbt baadi^ said to stlndin the piace of uniti^ 
and that on tba lefjt ia the placce 9f tens. 

($. Having. esEpreised lea units by a single unit, 
removed . one phce towards the lefti the place of 
units lit left open to receive the units in succession 
{romi to 9 inclusive ; and thus t^ next number e/e- 
^en, which is formed by the addition of 1 to 10, is 
expressed by putltng the unit 1 in its proper, place, 
and is consequently written thus IK 

Continuing to add a unit we form the numbers 12, 
13, 14, 16, IQ, 17, 18, 19, which are called twelve, . 
thirteefi^ fimrUen^ fifteen^ sixteen^ seventeen,i eighteen^ 
mmteerir and which are ten and two, ten and three, 
ten and foui^ ten and five, ten and $ix, ten and seveii; 
ten and eight, and ten and nine^ Hence we see th^ 
the figure in the place of units has no effect upon 
the teti^ which remains the same in all these num- 
bers. 

9. The next nmnber in succession i3 formed by 
adding 1 to 19. Now in adding 1 to the 9 units of 
this uumber, we have ten units ; but ten units are 
expressed by a single unit put in the place of tens, 
(art. 7 :) we therefore add a unit to the unit already 
in that place, which gives 2, or 2 tens, and lest this 
2 should be taken for 2 simple units, we again have 
recourse to the Cipher, and write it thus 20, and in- 
stead of saying two tens^ we say /zoenfy.^ 

1 0. The place of units having agaia become open, 
we replace them as before, in doing which we form 
the numbers 21, 22,23, 24, 25, 26,*J7, 28, 29, which. 
we read twrniy-one^ twenty-two^ twenty "three^ twenty- 
four^ twentyTfivejiwenty*^9 twenty-seven^ twenty •eight, 
twrniy^nine^ and which are two tens and one, two 
tens and two, two tens and three, ^tc. 

11. To form the next number in succession, as 29 
signifies 2 tens and 9 units, in adding a unit to this 
number, (articles 7 and 9,) we have 3 tens,. which we 
call thirty^ and write thus 30. Continuing the addi^ 

"^ Twain ten. 
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lien of a unit, we form the numbers 40; 50, 60, 70-y 
80, 90, which are read forty ^ fifiy^ sixU/^ seventy^ 
cighti/^ ninety^ ant! which signify four tens^ five tens^ 
six tens, seven tens^ eight tens ^^nd nine tens. Again 
replacing the units, we form the numbers 91 , 92, 98, 
94, 95, 96, 97, 98, 99, which ace read nine^y^ane, nine^- 
fy-two^ etc. to ninety^nim* 

12. To form the next number we add 1 to 9^. 
Now in adding 1 to the 9 units we have ten^ and teti- 
is expressed by putting the figure 1 in the place of 
tens : this 1 together with the 9 which is alreadj in 
the place of tens, f2;ives ton tens, and ds we have no 
character greater than 9, we express thjsse ten teti9 
in the same manner that we expressed ten single 
units : that is to say, by putting the same figure 1 
on the left of the place of tens : and that this figure 
1 may not be taken for a^ single unit nor a ten, we 
write it on the left of two ciphers thus 100, and read 
one hundred. 

13. The place of units and the place of tens be- 
ing now open, we might precede to replace them 
in the same manner, and thus we should form all the 
uurhbers from 101, one hundred and om^ to 199, one 
hundred and nineiy-mne, inclusive. 

14* As 1 added to 99 gives 100, (art. 12,) we easily 
see that the next number, which is formed of the 
addition of 1 to 199 j will be 200, which is read tt&o 
hundred, and that by continuing to replace the units , 
and the tens,Hve might forni the numbers 300, 400, 
500i 600, 700, 800^ 900, which are read three hun- 
dred, four hundred^ Jive hundred, six hundred, seven 
hundred, eight hundred, and nine hundred- Because 
each unit in the third place towards the left signifies- 
one hundred, this place is called the place of hun- 
dreds. 

15. From* 900, by replacing the units and tens, 
we can precede as far as 999, which is the largest 
number that can be represented by three places of 
figures, because we have no figure greater than 9, 
mdcomeqiientiyi to e>s{Mress the next number, which. 



is (brmed bj addMg 1 tor 9j}9, we ooougy four places ; 
tfaiit is.to aar^asl added lo 99 gii^s IQO, (art 12,) 
andas tbeftddtti^n of- Ibundredipt 9 hundreds gives 
10 imiidi'ed«»..we es^piTeas these ten hundreds by 
putlog a single. unit on ftbe left af the piacepf hun- 
dreds, thus 100(^ which Aumber is called one thou- 
5<md» Thus we see that by continuing to express 
ten units 'of any. order by. a single unit placed on 
the left, we might procede in the formation of num* 
bers without end* Hence also we see that the units 
cotnpoaf&g any .figure in any place towards the left 
hand,afeten times as great as they would be if the 
Bgure stood one place £if tber towards the right. 

16.> In arithmetical calci^lattons, large numbers 
frequently occur, consistii^ d€ many more places of 
figures than -the ^numbers above enumerated : and 
thou^ we seldom give ourselves the trpajble of 
reading those aumbers^ yet it is important to be able 
to do tbis'wiUi facility. For this purpose, we sepa- 
rate the proposed number into periods of thr^e 
figures each, beginsiing at the right hand and pro-v 
cet^ng towardi tbe leu ; these periods we call by 
the following names, rbeginnmg at the right, tmi/^, 
thousands J miliion&i bilHons^ trillions f quadrillion^^ 
gmitUlionsy sextillions^ sepiillions^ odillionSi nonil^ 
lions, deeilUonS'j unxkcillionSy duodecUlionSj tr^d^il- 
lions y quatuotdeeillions^. fumdedllions^ sexdtcillions^ 
septendecilliom^ QCtodecillions, etc. The figures of 
esi,ch period are read precisely in the same manner 
as if they stood alone, except merely pronouncing 
the name of the period after reading them. For ' 
example, the foUo wing number is read, beginning at 
the left hand, 

quadrilUons, ttiHidiir, bilfions, mflUonB, tlfeiKalids^ Units,. 

56 111 317 3a4 869 020. 

• . ' . ■.....•.,".. ^ . ' 

fifty^six juadrj^/iW, Q^e hundred . aud eleven tril- 
Kow,^thre.e. hq^j^ed^an4^sevei4^en billions, two bun- 
dre4^d;fou«. ^iaibnf,, eight h^^^^ and siKt^-ivvtie. ^ 
thousand ^ndX^enij.. , ^ 
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Id separating nuftiberiB into periods of thf^e figurea^ 
each, the last or lAthaod period will freqaently con- 
tain only one or two iieares; thas, in tbeabove exam* 
pie, the 5 which is fiftj qaadrillions might foe taken' 
airay, and then we should have 6 anils under t^afe 
name, that is, G quadrillion?. But as it is to periods 
of three figures each that we giTt^ the names ahove 
written, wc coald^not- constitute another period an 
the left of 66>quadrilirons without occupying the 
place of hundreds, which is now vacant by a cipher : 
there are therefore, three placet of figures, that is to 
say, the place of units, the. place of tens^ and the 
place of hundreds^ under each name, which places 
must either be occupied by figures or ciphers under 
every period except the left-hand period, and even 
here the cipher cannot be omitted except when it 
would stand on the left of all the significant figures* 

17. Wc do not pronounce the name units after 
reading the last period, because all numbers are 
composed of units, and therefore this term is as ap- 
plicable to all the other periods as to the last. For 
example, w^ have seen in the formation of numbers 
(articles 7, 12, and 15) that the place of tmitsj that 
of ^en^, and that of hundred^ which constitute this 
period, have each successively become occupied by 
a' cipher only, we might therefore have such a num- 
ber as this, viz. 657000 : now after having separated 
this number into periods of three figures each, thus, 

tfiousandsy rants] 
G57 000' O (y-i- 

vre read, six hundred and 'fifty-seven thousand. But 
this is a number; — a number of what ? of units. 

18« When a large number is expressed in words, 
fn order to write down its* appropriate figures, we 
first write, in their proper order, (art. 16,) the names 
of the different pertbd^j beginnin|j with the units and 
tel^tninating with the highest hanm mentioned in the 
hoMbery after which^ as* there ^ are three places of 
^ares under each name,(j<T\% V^s^ v?^ ^>3A. such 
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figures ifi tbese^pla^ad the reading of the nomber 
dictates,, begiimirig With' the left-n^ period or 
highest name. Porexamplef to; express in ^Ures 
the foUowiiig tiiiinber, sixty quiniiUwnSjJifteen qiuzd- '> 
ril^iomi om hundred and one trillions jUn millionsy 
on^Mndred thousand and ten, we first write the 
naaies of the differei^ periods thus :^^ 

^umtUlions, qnadriOiNis, trilKona, bUUons, miUiond, thousands, units, ^ 

60 015 iOl 000 010 100 010 

tfied as the propios^d nambef fii^t dictaites sis^ty 
quintiltions, we write 60 under quintillions, putting 
a cipher in the place of units, and leaving the place 
of hundreds vacant ; th^n as the number requires j^ 
teenquadriiiiohstweyrnte 1 5 underquadriilions,butwe 
must not here leave the place of hundreds vacant, 
by omittihg'tbe cipher, as we did under quintillions ; 
for, as the 6 which stands under quintillions derives 
its present valine of sixty quintillions from the num* 
ber of plac6& to which it is removed tovfrards the 
left, that omission wburld, by bringing it back again 
one place towards the right, make it signify only six 
quintillions J that is to say, (art* 15,) only one tenth 
part of its intended value ; we therefore write 015 
under quadrillions ; this done, as the proposed num- 
ber next dictates one- hundred and one trillions, we 
write 101 under trillions: again, for the bilRons ;^-^ 
but there are none ; we therefore write 000 under 
biHtons, for, if we omitted -these, the trillions would 
be billions ; the quadrillions would become trillions^ 
the quintillions quadritfions, etc,; Now, for the mU- 
lions, as the number dictates Ya^, and as ten is signi- 
fied by putting 1 in the place of- tens, (art. 7,) we 
write 010, putting ciphers in the other places for the 
reasons given above/ A^ain, for the thousands, as 
the number dictates; one hundred^ and as this is ex- 
pressed by putting a singly unit in the place of hun- 
dreds, (art/12,) we writb'lOO. Lastly, as the num- 
ber dictates ten> we write this ten uade\:v\tv\\^\tvN5w?. 
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same manniir &ai uTe wrole t^n under imllioiis^ Ifaus 
OIO9 wfaicb cbmpiele^ theipv^qK^sednambtirv 

Re^5 reniarkjtfajftt the cipher, though of ^o value 
./in itself, i» of great- importance^ as it occQpie» the 
place of any order oi units which is wanting in 9 nuiiph 
ber, and consequently serves, to determine the value 
of the significi^Qt figures by showing their portion 
towards the left. 

19. From what has been said, we see that in or- 
der to read and write numbers with ease and ac- 
curacy, no other knowledge is required than to be' 
able to read and write correctly any number consist- 
ing of three places of figures, and to remember the 
names and order of the difTeiient periods.'^ 

Let the following numbers be expressed in words. 



4. 230110012. 

5. 913215010. 

6. 12030112904. 



1. 10056. 

2. 116400. 
'3. 19130070. 

7. 23050627859100063002. 
8.132710045380601713452016., _. 

9. 720381032110006101235083200064. 

10. 3Qp29J33pi9O3^00^0O6070aiO30§^^ 

Let the following numbers be expressed in figures* 

1. Twenty thousand and two. 

2. Fifteen millions anS sixty. 

3. Four hundred billions, thirty thousand and 
four. 

4. Six hundred and three quadrillions^- fifty^six 
billions and sixteen. 

W 1 

* Most Bnglish arithmeticiaus apply the name;^ millions^ biUkr^, 
ete. to periods of six figures, considering each of these periods ias 
being composed of two perioHs of three figures each, by.wtfieli 
means they hare a refetitiotfof thonsaiids ua^er eadi naqie. {(on 
this repetition of thousands renders the subject of numeration much 
more difficult to the studen^ and cair be of no possible utility ; fot 
a very siiisple Cftlcalation trifle show that if tbe whole globe that ij^ 
inhabit w%s divided into parlie^ s04iiaMlth»t it womld require tm 
millions of ^em to make a'soHdinchjWl^ich would be of the fine- 
nesspf ane sand, the whole number df these particles Contained ih 

the globe, accordirig to tlte numera^dotv til t^^K;^ %>xt^«>\^«^^ tv^v^ 

'^^'la/ f/fe fiuudredth part x>C a d«AVV\0Tv. 
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d. Five hundred and eleven septiilions, forty-ohe 
quintillions, eleven quadrmion&, oi^bandred mil- 
lions, three hunidred thousand ^nd forty. 

€. One hundred and six sextillions^ four hundred' 
and nute^ quadrillionsy. three billions, seventeen 
nlillions, six hundred and four thousand and three. 

7. Twenty quintillions, one hundl-ed and eleven 
trillions^ ninety billions, seven thousand three hun-^ 
dred. /- *% . 

&. Fprty-nirie' septirtions, three hundred and 
twenty-seven quintillions, fourteen quadrillions, 
one hundred ^aiid" ten trillions, ten thousand and 
forty. 

9. Eight octrHions, seventeen septillionSj five hun- 
dred sextillions, onehuhdred and sixty thousand and 
nine. 

10. One decillionj five octillions, seven hundred 
quintillions, ten quadrillions, eleven billions, one 
hundred and nine millions, four hundred and two 
thousand o)le Iii»ndred and six. 

11. Niae hundred and six octodjeciUions,. se veil ty** 
two sexdecillions, eighteen dubd^cillions, five hun« 
dred undecillions, twenty-nine nonillions, one hun-r 
dred and eleven scfpliiliods^ six|y quadrillions, five 
trillions, twelve millions^ntne hundred thousand and 
six. 

* " QUESTIONS ON: SSCTION 2; 

t. What is numeration ? . 

2j, How are numbers foriaed ? / 

3. HcMv many eharaeterscQj^^ned in representing 
nutyibel^y and what aire they ? / 

4* why are the figures I, 2, 3, 4, 5, 6, 7, ^j 9 
called significant figures, and why do we sometimca 
callihem digits f 

5. How are ten units expressed^ and what is the 
general role for expressing' ten units of any order ? 

6. Does the unit,.when standing on the left of .a 
cipher, derive any additional value from the cipher ^ 
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aftd>i^ not9,ifaiii wl^t (HrootD^ta^^ ji 1% in this case, 
conindercid 9is rejprjres.eQting ten units ? 

7. J)oe8 a single tioit^waysdigjQi^ tennvhen stand- 
ing in.tbe aecoi^ pldceof figures tovfards the left ? 

8. What does the figure 3 signify when standing 
in that placeT? * 

9. What is the separate value of each of the 
^%uces which express tb? nuniber one hjundred apd 
^hirty*4wo? 

\ ^10. By what significant $gtlre do^We express nin^y, 
and where noust it stand T 

ll..By wbichof (be digits do we express ten teas, 
and where must it stand ? 

1 % Why is the third place of figures towards the 
left called the place of hundreds ? 
' 13. How are numbers divided in Order to enuQie- 
rate them ? . • . 

14. Whatare .the ngunes of the different periods^ 
and how are they arranged? 

Id* Where do We begin and how do we precede 
in reading nunibers? :~ 7 

16. Does the left bandperiodof a number always 
contain three figures ? 

17. Must every pefif>d ^X'Cept that on the left 
always contain th-reefignrcs ? . - 

18. Of what use is Uie cipher? 

19. Of what use is it when placed on the left of 
all the significant figures ? 

20. How do we precede in order to express in 
figures a large number which is written in words? 

21. If, through mistake we omit one of the inter^ 
mediate ciphers in a number, what WilJ b6 the effect ? 

22. If we omit any one^flbci intermediate fferiods 
in a niimbeF which ought to be supplied with ciphers, 
what witl be th^ effect ? 

23. Why do we omit the name of the last period- 
in reading a number ? 

24. Wnat knowledge is requisite in order to read 
and Write all numbers with- facilitv ? 
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%^^ Why k^the JaiiiMrattoti df tbite figjutea to a 
pej^ prdei^ble iN^ tiiat pf tit ^ 

^ , ' SfictioN 3. 

:^b. Additfo& t0iaei|e|i«tit'e9qpveai, fay a fiiQjg^a tutm. 
bet, sill tbe^ uatts xoataioed Hi two or 
^mmbehr^of <wtia(tfet^i^^^E|eQtiliey m&fh0» 

^ Si. Tbfff single niimber -is ciHcdtbe som 4)f the 
jgiiriu) ili9ii&ei» t tboiiwe ^y ihat tbejs^oi of 4 aiid 3 
is 7, whMfbr fd d liiijgle ntinibor c^iitaiatitg at ihiany 
unitBa8 0reet>n^an^ih:b^tfa4and3. ^ 

:2d. AfiigB liimde t)Ai8 4*9 whi^h 18 cidled p 
mort, is'^pheed -l^ti^een tiiuiib^ii tojhoTi^ tlUit Si^y 
ai^ to bei added together $ thus the expression 9 4^ I 
sbbm tbst^ alld; f ^«e tobe acUed together, aod is 
read nine f to due. . 

' Alsolfi s^ Inihde thus «, which is cs^lled eqiuil to^ 
i& put belwe^Ei quaalSlier tjd^kMr that ^bo8e da the 
one 8td^ liif it are eqiml to tho$e oii Che dther ; thus, 
we write 94*^=^10) wbiclieicpreaston signifies that 
the sum o^ 9 aod 1 is eqaal to 10^ aod^is read nine 
-plus one efual ta ien^ 

i^ei each expf^sbi^ in the jfollowin^ examples be 
add^d from ttie left hs^d Awards the ri|bt, and also 
from the right band; towai'ds the left f if the sum is 
found the same both ways, the. work can scarcely be 
wrong. 

Ex4Kiirz»as. 

1. 2+8+4=9; 4+$+3+a;=rlS ; 5+2+3+4: 
--=14. 

2. S+2+4+6+3=;l8,atidihfS+4+2+6=:20^ 
8. 6+4+8+7+6=25, and 7+6+7+5=22. 
.4. 8+S+4+7+«+9+«= 

5. 5+4+9+7+8+«+5+7+9i= 

6. 8+8+6+4+6+6+84-9+7+9==: 
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7. 

8. 94.2H-8+9+8+7r*-4+64-6+5+6+S=: 

23. The following examples should be rememberetj^ 
for future purposes. r 

Ex. 1. 2+2=4; 3+«t*6; 4+4=8; 5+5=10j| 
6+6=12; 7+7=14; 8+8=16; 9+9=18. Ii 
^bis example, we may obse^e that, having added th< 
figure S to itself^ we have the valueof twice 2, anjl 
that it is the same with regard to the ether figures^i- 
we therefore say that twice 2 is 4.; twice 3 is 6; 
twice 4isS; twice 5 is 10; twice 6 is l£; twice 7 
is 14 ; twice 8 is 16, and that twice 91s 18; 

Ex. 2. *2+2+2=6; 3+S+S=«; 4+4+4=19; 
S+5+5=l»; 6+6+6=18; 7+7+7=21 ; 8+8 
+8=24, and 9+9+9=27. Hence, for the saim 
reason as above, we say, Stimes 2 is 6; 3 times 3 is 
9 ; 3 times 4 is 12 ; 3 times 5 is 15 ;^ 3 tin^s 6 is 18 ; 

3 time^ 7 is 21 ; 3 times 8 is 24,and 3 times 9 is 27« 
Ex. 8. 2+2+2+2=8; 8+3+3+8=12; 4+4 

+4+4=16; 5+5+5+5=:20; 6+6+6+6=24; 
7+7+7+7=28; .8+8+8+«»32; 9+9+9+9= 
36. Hence, we say, 4 times 2 is 8 { 4 times 3 is 12; 

4 times 4 is 16; 4 times 5 is 20; 4 times € is 24; 
4 times 7 is 28 ; 4 times 8 is 32, tfnd. 4 times 9 is 36« 

Ex.4. 2+2+2+2+2=10^+3+3+3+3=15; 
4+4+44.4+4==^. 5+6+5+5+5=25; 6+6 

+6+6+6=30; 7+7+7+7+7=«6; 8+8+8+ 
8+8=40; and 9+9+9+9+9=45. Hence, we 
see that 5 times 2 is 10 ; 5 times 3 is 15 ; 5 times 4 
is 20 ; 5 times 5 is 25 ; 5 times 6 is 30 ; 5 times 7 is 
35 ; 5 times 8 is 40, and that 5 times 9 is 45. 

Ex. 6. 2+2+2+2+2+2=12; 3+3+3+3+3 
+3=18; 4+4+4+4+4+4=24; 5+5+5+5+ 
5+5=30', 6+6+6+6+6+6=36 ; 7+7+7+7+ 
7+7=42 ; 8+8+8+8+8+8=48, and 9+9+0+ 
9+9+9=54. Hence, we say, 6 times 2 is 12; 
6 times 3 is 18 ; 6 times 4 is 24 ; 6 times 5 is 30 ; 
6 times 6 is 36 ; 6 times 7 is 42 ; 6 times 8 is 48, 
nnd € times ^ is 54. 
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I* 

Ex- 6. 3+»+ft+2+2+2+2=:14; S+S+S+S 
4.34.3+3=21; 44.4+4+4+4+4+4=28; 6+ 
5+5+6+5+5+5=35; 6+6+6+6+6+6+6= 
4^ ; 7^7+7+7 +7+7+7=49 ; 8+8+6+8+8+. 
^+8=66,and 9+9+9+9+9+9+9=63. Hence, 
we fia^, 7 times 3 is 14 ; 7 times 3 is 21 ; 7 times 4 
is 28 ; 7 times5 is 35 ; 7 times 6 is 42 ; 7 times 7 is 
49; 7 tim^s Sis 56, and 7 times 9 is 63. 

Ex.7. 2+2+8+2+2+2+2+2=16; 3+8+$ 
-+3+3+3+3+^«24; 4+4+4+4+4+4+4+4 
=32; 5+5+5+5+5+5+5+6=40; 6+6+6+ 
6+6+6+6+6=48; 7+7+7+7+7+7+7+7= 
66 ; 8+8+8+6+8+8+8+8=64, and 9+9+9+ 
9+9+9+9+9=72. In this example, having added 
eight figures of the same kind together, we say, *$ 
times 2 is 16 ; 8 times 3 is 24 ; 8 times 4 is 32 ; 8 
times 5 is 40 ; 8 times 6 is 48 ; ^ times 7 is 5Q ; 8 
times 8 is 64, and 8 times 9 is 72. 

Ex.8. 2+2+2+2+2+2+2+2+2=18; 3+S 
+3+3+3+3+3+3+3=27; 4+4+4+4+4+4 
+4+4+4=s36; 5+5+S+6+5+5+5+5+6= 
45; 6+6+6+6+6+6+6+6+6=54; 7+7+7 
+7+7+7+7+7+7=63 ; 8+8+8+8+8+8+8 
+8+9£=72, and 9+9+9+9+9+9+9+9+9= 
SI. Having added the nine figures of each expres- 
sion, we say, 9 times 2 is 18 ; 9 times 3 is 27; ^ times 

4 is 36 ; 9 times 5 is 45; 9 times 6 is 54; 9 times 
7 is 63 ; 9 times 8 is 72, and 9 times 9 is 81. 

^4. Because 4=3+1, the sum of 3 times 4 is 
equal to the sum of 3 times the expression 3 + 1 • 
but the sum of 3 times 4 is 6qual to 4+4+4, and 
the sum of 3 tiniies 3+1 is equal to 3+1+3+1 + 
.3+1, or 3+3+3+1+1+1, (because when we add 
numbers, it matters not which of them we add first ;) 
\ 4+4+4 is therefore equal to 3+3+3+1 + 1 + 1 • 
but 1 + 1 + 1=3; consequently, 4+4+4=3+3+3 
+3, that is to say, 3 times 4 is the same thing as 4 
times 3. In a similar manner, we might show that 

5 times 7 is the same as 7 times 5, and that the sanvj^ 
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reasoniog holds good with regard to any two num- 
bers. 

25. When we add numbers together, some of 
which consist of two or more places of figuraig^ care 
must be taken to add only those figures to each other 
which stand in the same place of figures ; because 
in the formation of numbers, we advance from the 
right hand towards the left, expressing ten units of a 
certain order or place by putting a si^e unit in the 
next place on tlie left of it (art. 1^^,) and therefore 
we easily perceive that if we added together figures 
standing in different places, as the units contained in 
the sum of these would be of different orders, we 
could neither continue to advance in the formation 
of numbers from the right hand towards the left, 
nor express the value of such a sum by putting it in 
any place whatoven 

We therefore add units to units, tens to tens, hun- 
dreds to hundreds, etc. and for every ten that we find 
in the sum of the units of any order, we add one to 
the units of the next order on the left; because 
(Art 15,) the value of ten units of any order is ex- 
pressed by a single unit of the next order on the left. 

Examples. 

1. 23+42+67=122. 

To perform the addition here indicated, I first add 
the units of each number, and then the tens of each ; 
thus, beginning with the left hand number, I say, 3 
and 2 is 5 and 7 is 12^ which is the sum of all the 
figures standing in the place of units, and as this sum 
contains 2 units and 1 ten, I place the 2 units on the 
right of the sign =, so as to leave room between the 
2 and the sign for the sum of the tens, and the 1 ten 
I add to the tens, saying, 1 and 2 is 3 and 4 is 7 and 
5 is 12 : now this sum consists of 2 tens and 10 tens ; 
the 2 tens have their proper value therefore in being 
placed on the left of the 2 units, and as the 10 tens 
are 100 (Art* 12,) the value o£ tXie^^ \% cxjjte&^ed by 



iCLBXBNTS OF ARIT^UBTIC. 15 

placing 1 OQ the left of the 2 tens, which is merely 
writing the sum 12 of the tens, just as it stands, on 
the left of the 2 units* I have therefore 122 for the 
sum of the three numbers 23, 42, and 57, and I read 
23 plm 42 plus 51 equal to 122. 
2. 343+267+854+5674=^7138. 
When the numbers are somewhat large, for the 
sake of convenience we place them under each 
other, so that the units maj be under units, the tens 
under tens, etc. and having drawn a line underneath, 
we begin with the units and add as usual. We there- 
fore write the numbers of the present example thtxs: 

343 

267 

854 

5674 



7138 

and having drawn a litie underneath, we begin with 
the units, sajing 4 and 4 is 8 and 7 is 15 and 3 is 1 8 ; 
then, ais 18 contains 1 ten and 8 units, we write the 
8 units under the column of units, and carrying the 

1 ten to the column of tens, we say 1 and 7 is 8 and 
5 te 13and6 is 19 and 4 is 23; now this sum 23 is 

2 tens and 3 units, we therefore write the 3 units 
under the column to which they belong, and as ten 
tfnits of any order are expressed (Art. 15) by a sin- 
gle unit of the next order on the left, we add 2 for 
the 2 tens to the next column, and preceding as be- 
fore, we say 2 and 6 is 8 and 8 is 16 and 2 is 18 and 3 is 
21 ; here, for the reasons already given, we write t 
and carry 2 to the next order, saying 2 and 5 is 7, this 
we write underneath, which completes the operation, 
and we have 7138 for the sum. This sum we place 
on the right of the sign =, and we read the whole 
thus : 343 plus 267 plus 854 plus 5674 equal to 7138. 

In order to prove the work, we add each column 
from the top downwards. 

3. 353+25+6564+5+78573=85520. 

In this example, as it is of no consequence with 
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which number we begin the addilinii} for greater 
coDvenienco, I place the numbers to be added thus : 

5 

85 

353 

6664 

78673 



8652Q 
and in order (o perform the operation quickly, I say 
(beginning always with the units,) 3 and 4 is 7 and 3 
is 1 and 5 is 1 5 and 5 is 20 ; and go S to 7 is 9 and 
6 is 15 and 5 is 20 and 2 is 22 ; 2 and go 2 to 5 is 7 
and 5 is 12 and 3 is 15 ; 5 and go 1 to 8 is 9 and 6 
is 15; 5 and go 1 to 7 is 8.* Wherefore the sum is 
855^0. 

Rem^ars. 

• 

As 1 000 is formed of the addition of ten hundreds, 
it is (Art. 23) ten times 100; but (Art. 24) ten times 
100 and 100 times lOa^e the san>e thing; we may 
therefore consider 1000 cither as representing Itl 
hundreds, 100 tens, or 1000 single units^ Henee, 
we say that a thousand when compared to ten is a 
hundred, and when compared to a hufidred it is ten. 
In the same manner, when we compare the value of 
a dollar to that of a dime it is ten, when we compare 
it to that of a cent it is a hundred, and when we Com* 
pare it to that of a mM it is a thousand* 

Hence, any number consisittng of two or more 
figures which has a cipher in the place of units may 
be considered as representing a number of tens. 

* Tbe grammatical propriety of the expresaioa two plus thfee is 
iiTe, two more three is five, or two wa^ three is five, I leave to the 
decision of J. Home' Tooke and other grammarians ; I would only 
observe here, that when i itfake use of the expreiAitm 3 and 4 is 7, i 
mean that the sum of 3 and 4 is 7. Also, when I say 3 times 4 is 
12« I mean that the awn or product is 12. This enuociatton, though 
different from that sometimes given in books, is used in practice by 
ihp anQst emjioent ma^th^emaUcijans^ 
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Also, any niuniier consiflting of two or more figures, 
which has a significant figure in the place of units, 
maj be considere^l as representing a number of tens 
and units* Thus, 540, considered as representing 
tens, is 54, also, 235 is 23 tens and 5 units. 

4. 69+66+89+65+98+69+68+89+99+07+ 
59+49+88=1005. 

Having placed the numbers under each other, I 
find that the sum of the column of units is 105, now 
this number is 10 tens and 6 unrts^ I therefore write 
the 5 units under units, and carry the 10 tens to the 
column of tens: having added this column, I find 
that the supn is 100, which sum I write altogether on 
theleftof the 5 units ; but from the above remark, 
we have seen that tOO tens are equal to 1000, the 
figure 1 which expresses the hundred should there- 
fore stand in the place of thousands, which it does 
in effect. A have therefore 1005. for the sum of the 
given numbers, which I place on the right of the sign 
:3s as before 

5. 19+9+9+0+9+9+9+9+9+9=100. 

It will be seen in this example, that (because 9+1 
=10,)iti adding 9 to any significant figure of a num- 
ber, that fignre will be diminished and the next figure 
on the left increased each by a unit : thus, 19+9= 
28; 28+9==87; 87+9=46; 46+9=53; 65+9= 
64, etc. where, in each new addition, the unit figure 
is one less, and the figure in the place of tens one 
greater. 

6. 7+8+6+6+9+8+7+8+2+446+8+9+7 

^s+e-|.9+8+a+6=ia8. 

In adding numbers, whenever two figures sticcede 
each oth^r, the sum of which is ten, it will facilitate 
the operation to comprehend them both together; 
thus, in the present example, beginning at the left, I 
say, 7 and ^ is 15 and 6 is 21 and 619 36 and 9 is 3^ 
and 8 is 43 and 7 is 50 and 10 (comprehending 8 +2> 
js 60 and 10 (comprehending 4+6) is 70 and 8 is 78* 
and 9 is. 87 and 10 (compr^ending 7+3) is 97 and 

2* 
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6 is 103 and d is 1 12 and 10 (cmi^i^b^iDg B^i) 
is ]2f and 6 is. 128. 

7. Required the snm of ei^ ttwkiHMfid and fo^ij ; 
ten thousand and fourteen ; and four iniUM»0 joqc 
thousand nine hundred and fifty^six* 

Answer^ Four millions twenty thousand and ten. 

8* Required the sum of forty^&even IsilJioits, one 
million and forty i one i^undre.d millions seven hun- 
dred and seven thousand lour hundred ; and thirtjr 
bilHons, ten,miliions, seventy thousand and four. 

Answer. Seventy-seven billioos^oBe hundred and 
eleven millions, seven hundred and seventjr-seven 
thousand, four hundred and forty-four. 

9. Required the sunirof she hundred aodfifl^rseven ; 
nine hundred and ei^ty*five^ seven tandml and 
ninety-three; eight hundred and nin^ly*^ninje} two 
thousand seven hundred and ninety*five $ eight thou- 
sand and forty ; niifety-seven thousand and sixteen ; 
seventy-eight Uiousand five hundred and' nine; one 
hundred Thousand three hundred and six ; and One 
million seven hundred and tenJbousand*. 

Answer. Two millions. 

10. Required the sum of seven tboisaaiid two hun* 
hundred and eighteen; seven hundred and fifty-six; 
eig^t hundred and thirty^wo ; nine hof^bed and M- 
iy.four; thirty-nine; five hundred and eighty-eight ; 
seventy^seven ; sixty-five; eighty-two; ninety^six;. 
fbrty^seveny and sixty-^bur. 

Answer. Ten thousand eight hundred and eigh- 
teen. 

1 1 4 Required the sum of thirty^four ; twenty^-nine ; 
seMnty-three; eighty-five ; sixtjHseven ; fivehmidred 
and eighty-three; eight hundred and sixty-seven > 
seven hundred and eighty-five; lune thousand nine 
hundred and eighty-six; seven thousand and forty-8i5(> 
and eight thousand four hundred and fifty^five. 

Answer. Twenty-eight thousand .and ten. 

1?'. 37+e4+fie+&2+48Hr744-96+8&f 83[.» 

13. 6».f.8S+75+49-}.9^+63.f87+S5+5S+flaB 
-2-84=: 
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14. €d7-HM4-8i»+6<hK7H4S+9&f 384^7+42+ 
76+93= 

15. 28+flM-('6664-£84^5+94+f9+87-)-65+99 
+59+67+44a= 



31*4 


8769 


6385 


8463. 


3254 


4187 


4757 


6397 


6271 


5744 


2128 


6634 


1536 


6745 


5862 


5U% 


3fi72 


4728 


4265 


7871 


1365 


853.46 


42189 


67295 


24583 


73326 


34823 


56178 


41376 


52716 


<#i236 
82451 


fi28S4 
36272 


61854 
33247 


75416 


26674 


65176 


438»1 


586^ 


47283 


35763 


47145 


38145 


17548 

t 


63727 


66752 


92964 


86217 


48912 


52836' 


24516 


71282 


45384 


73182 


85617 


53731 


45923 


24324 


81873 


62076 


56163 


47163 


7548S 


2876r 


54615 


26817 


14382 


47268 


6407e 


75676 


19726 


37924 


43886 



<»7£STI0NS ON SECTION 3. 

1. What is addition ? 

^. What do wc caUthe cesolt of aft tdjivVx^ti"'* 
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3. What sign is placed betweenf^umbers ta sfaoir 
that they are to be added together ? 

4 » What sign . is placed between two qliantilies 
to show that they are equal to one another ? 

5. What is meant by the expression 5 times ? ? 

6. How do we prove that 3 times 4 is equal fk^ 
times 3, etc. ? 

7. In adding numbers consisting of several p1a(^ 
of figures, why do we add units to units, tens to 
tens, etc ? 

8. Is It essential that such numbeirs should be 
placed under each other to be added, or is this done 
for -the sake of convenience? 

9. In what order do we place numbers consisti^< 
of several places of figures under each other to add 
them? 

10. Why do we add a unit to the next order on 
the left for every ten which we find in (?be sum of 
any order? 

11. Does every significant figure in any place 
on the left of units represent an exact number of 
tens? 

, 12. Does . every number consisting of several 
places either represent a number of tens, or a num- 
ber of tens and units ? ' 

13. Why do we begin addition with the units? 

14. How do we prove an addition ? 

Section 4. 

SUBTRACTION. 

26. The word sublractionj from two Latin words. 
sub and traho, signifies to take out or to take away. 

The operation is that by which we take from one 
mimber as many units as are signified by a smaller 
number ; it therefore shows what ntuaber the one 
contains more than the other, which number is call- 
ed remainder^ excess^ or difference. 

For example^ if we take 3 from 9 there will be 6 
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left. This nombeF 6 h tfaerefere called the remain^ 
der; and as it shows by how. many units 9 excedes 
3, it is called. the eoscess^ and hence also the differ r 
erne between the two numbers* 

A line drawn thus — , which We cM minus or 
tes$;,'iB Ihe sign of subtraction ; smd when placed be- 
tween two numbers signifies that the latter is to 
b^^aken from the former} thus 9 — 3 signifies that 3 
is to he taken from 9, and .is read nine minus three ; 
also, 9 — 3=^6 is read nine minus three equal to six. 

^ Examples* 

1. 4-2=2; 6-2=5:3; 6-8=4; 7-2=5; 8 
—2=6, and 9-2=7. 

Thes9 expressions are read, beginning at the left. 
4 minus 2 equal to 2\ 5 minus 2 equal /o 3 ; 6 minus 
3 equial lo 4 ; .7 minus. 2 equal tod; 8 minus 2 equal 
to 6, and 9 minius 2 equal to 7. But m finding their 
value we say, 3 from 4 iwo} 2 from 5 three; 
2 from 6 /our; 2 ixom Ijiw} 2 horn 8 si3D% and 2 
from 9 seven* 

Here observe, that the difference between two 
numbjeos add^dj to the less, equak the greater. 
For^in finding th^ value of the expression 4— 2, 
we took two units from 4, and 2 were left; now if 
we add the 2 units taken away to the 2 units left, we 
shall again have 4, atid so for the other expressions, 
thus 2+2=4; 3+2=5; 4+2=6 ; S+2=7 ; 6+2 
=8, and 7+2=9. Hence we see that is%ibtraction 
may always he proved by addition* 

2. 5-3=2; 6-^49=3; 7~5=?3; 8-6ste2,.and 
9-7=2. 

By comparing these expressions severally with the 
second^ third, fourth, fifth, and sixth of those in the 
preceding examplovMrie s#e that in taking the diffbr- 
ence; -between any two numbers from the greater, 
we have the less. 7%er«/*9re, we can always prove a 
subtraction ftj/' nm^oiUur subtractmi^ 

In effect, we Bpve seen from the proof oC tj\^^^%^ 
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example, tb^ the greater number is the Bum of the 
difference ftdded to the less ^ therefore either ol' 
these tak^n from their sam leares the other* 

5. 7—3=4; 8—6=3; 9—6=4; 10-6=4; 
10-6=6. 

Here we say 3 from 7 four ; 5 from 8 three ; 5 
from 9 four; 6 from 10 fottr^ and 6 from \0 Jive. 
We mast not, however, forget to read the expres- 
sions 7 minus 3 equal to 4, etc* 

If we ask the question, How many added to 3 will 
make 7 ? It is evident that it will take as many units 
as 7 contains more than 3 ; bat this is the difference 
between the numbers : we therefore subtract 3 from 
7, and the answer is 4. This 4, therefore, answers 
to all the following questions : 

What is the difference between 7 and 3?, 

By what number does 7 excede 3 ? 

If 3 be taken from 7, what will be the .remainder? 

How many added to 3 will make 7 ? 
And all these questions, as well as the answer, are 
contained in the expression 7 — 3; 

4. 11-6=6; 12-5=7; 13— 6=8, and 14— 5 
=9. 

• For the sake of practice, (see Ex, 2,) say, 5 
from 11 six J and 6 from 11 five ; 5 from 12 seven, 
and 7 from 1 2 five ; 5 from 1 3 eight, and 8 from 
13 five; 5 from 1 4 nine, and 9 from 14 five. 

Let the same be done with the two following ex- 
amples : 

5. 13-6=7; 14— &=8; 15— 6=9; 11-4=7. 
and 13— 4=9. 

6. 16— 7 ==8 5 ^6-7=9; 17—9=8; 12—9=3. 
and 10-2=8. 

7. 4-2=2; 6--«=&; 8—4=4; 10-6«=5: 
12-6=6; 14-7=7; 16-8=8, and 18-9=9. 

In each of these expressions, the same number 
remains that we subtract, which shows that this num- 
ber is contained exactly twice in the number sub- 
tracted from. We can-therefore, by subtraction, find 
how alien one number contains another* For ox- ' 
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ample, T wo if^yld find by stibtractioti how often 
contains 3, we procede thus: 9—3=6; 6— -3-=3, 
and 3^^3=0, where, having made three subtrac- 
tions, we have for the remainder, which shows 
that 9 contains 3 exactly 3 times* 

27« When the numbers consist of 6eveml places 
of figures, we must be careful to subtract those 
figures of the smaller number from those of the 
greater whi^h, stand in the same place of figures. 
For, when wo take one figure from another, the 
figure from which we subtract is diminished (ar(. 
269) by a number of its units equal to the number of 
units co;itained in the figure subtracted ; if, there- 
^re, the units of the figure from which we subtract 
%e either greater or less than those of the figure sub- 
tracted, (which ^hey must be if the figures stand in 
different places,) it is Evident, that in performing 
such a subtraction, we shall take away more or less 
than we intend* 

To avoid error, therefore,^ we place the less num- 
ber under the greater, so that units may be under 
units, tens under tens, etc. as in additioi^ and having 
drawn a line underneath, we subtract each figure of 
the less nunpiber from the corresponding one of the 
greater, writing each remainder under the: figure 
which gave it. 

. Examples, . 

I. 8984—532=8452. 

To perform the subtraction here indicate^, I place 
the less number under the greater, thus : 

8984 



■ I I ' 



8452 
and beginning with the units, I say, 2 from 4 leaves 
2, whichj write under units; preceding to the tens, 
1 say, 3 boik 8 leaves 5, which I write under tens; 
at the third place, I say, 5 from 9 leaves 4. which t 
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write under handreiSs ; laatly, at the fborth. place, as 
there arc uo thousands to subtract, I say, from S 
leaves B, which bi^iog Wfttten liiidemeath, ciompletes 
the operation, and T bdive ^^^ for the r^niiaiiider, 
which I place as usuail on the right of the sign. 

Let the following subtractibns be proved (art. 2Q) 
tfoth by addition and subtraction. 

3. 7967-384»=4l24, and 5728-616==6M2. 

3. 9854-9883^31, and 76868-8426=78*40. 

28. We hate seen (art. 26, Ex. 2,) that the ex- 
pressions 5 — 3,6--4, 7— 5, 8-^6, and 9—7 are each 
equal to 2. Now since these expressions are each 
equal to the same thing, they are equal to one 
another; therefore, 5— 3=sG-~4, and thus we find 
that when we' add a unit to each of the numbers 5 
and 3, this addition has no effect upon their dffier- 
ehcei again, because 5— 3»7— 5, if we a<id two 
units to each, their. ;tffference is still the same. 
Hence, if we add the same number of units to each of 
ttoo numbers^ this addition zoill have no effect upon 
their difference^ because in the subtraction we take 
this additional number fi[t>m itself; which cannot )ea<ve 
a remainder. 

Note. The «ign> signifies, when placed between 
two numbers, that the number to which the opening 
of the lines is turned is greater than the other. 
Thus, 9>8 signifies that is gre;ater than 8, and 8<9 
signifies that 8 is less than 9. ^ 

29. As 1000>999, it is evident that some or all 
of the figures of the less number may be greater than 
the corresponding figures of the greater. When- 
ever, therefore, the figure which we would subtract is^- 
greater than the one above it, (and of course tha 
subtraction of it impossible,) we add ten to th^ 
upper figure, and subtract the lower figure from thef 
sum, writing the remainder underneath ; after whichl 
preceding towards the left, we add a unit to the nexi^ 
lower fi^rore, and subtract as before. A 
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Examples. 



1. 6S048-8tW«S4085. . 
I place the numbert as usual thus : 

f3042 
89»7 



54085 
and as 7>2, 1 add 10 to 2, which makes 12 ; then, 
12^-73=5, which I write undel'neath. Preceding 
tonards tlie left, I add 1 to 5, which makes 6 ; then> 
a8 6>4, i add 10 to 4, which makes 14 ; I (hen say, 
6 from 14 leaves 8^ which I write underneath. Pro- 
ceding to the third place, 1 add 1 to 9, which makes 
10; then, as 10>0, 1 add 10 to 0, which gives 10, 
and as 10—10=0,1 write underneath. At the 
fourth place, I add 1 to 8, wjjiich makes 9, then as 
d>3,l add lOto 3, which gives IS, and as 13— 9-=4, 
I write 4 under 8. Lastly, I subtract the unit, which 
I should have added to the next lower figure, if there 
had been another, from 6, and there remains 5, which 
I write underneath, and have 54085, for the differ- 
enee, which i place on the right of the sign. 

Observe with particular attention, that in perform^ 
ing the above subtraction, the unit which we add to 
the figure 5 in the lower number, being in the place 
of tens, is (art. 7,) equal to the ten units previously 
added to the figure 2 in the upper number; the unit 
added to the figure 9 in the lower number, being in 
the place of hundreds, is (art. 12,) equal to the ten 
tehs added to the figure 4 in the ^per numbet ; the 
uiMt -added to the figure 8 in the lower number being 
in the place of thousands, is (art. 15,) equal to the 
tea hundreds previously added to O in the upper 
number 4 and lastly, that the unit which we take 
from the figure 6 in the upper number, being teh 
thousandfk^wt.ld^) e^ual to the ten tli^u&%5\d% 
which were aMed to the &g\»e ^ Vti \5k» ^tKv^ tcotst 
6er. 

3 
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Hence wq see^ that in subtracting front die greater 
number the several unit^ which we add t#the lower 
figures, we take from the greater number 98 many 
units as were contained in the tens, each of which 
was added to a figure standing one place farther to- 
wards the right, and consequently this procedure can 
have no effect upon the difference. 

2. 63042—54085=8957. 

The addition of ten to any single figure is nothing 
else (art. 7 and 8,) than placing a unit on tl^^ left of 
it I therefore, when the figure to be subtracted is 
greater than that above it, we read the upper figure 
as if it had a unit on the left of it, and having sub- 
tracted, we carry one to the next lower figure 
as usual. Thus, in the present example, having 
placed the numbers under each other, ^ / 

63042 
54085 



8957 
I say, 5 from 12 seven; 1 to 8 is 9, and 9 from 14 
Jive / 1 to is 1, and 1 from lOnme/ 1 to 4 is 5, and 

5 from 13 eight; and lastly, 1 to 5 is 6, and 6 from 

6 nought, which last, however, 1 do not write, as it 
would be of no use* 

3. 390605—98297=292308. 
Having placed the given numbers thus, 

390605 
98297 



^ 



292308 
I say, 7 from 15 tight; 1 to 9 is 10, and 10 from 10 
nought; 1 to 2 is 3, and 3 from 6 three ; here, as I did 
not add apy to the 6, 1 must not add any to the next 
lower figure 8 ; I therefore continue, saying, 8 from 
1€ two ; . I to 9 is 10, and 10 from 19 nine ; lastly, 1 
to is 1 , and 1 from 3 two* 

Having written successively all the numbers ex- 
pressed by the words in italic, I have 292308 for the . 
difference. - ] 



^ 
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heiiUs^ is well as all th^ succediirg exgmple^ be • 
proved bem by addition and subtraction. 

4. i40OO62— 90807=, 

5. 8370060—5943007 = 

6. 9510587—6800769= 

7. 100108058—99017349= 

8. 83401263—4301829= 

9. 16139724— 7209815 = 

10. 43110832—8400853= 

11. IJDOOOOOO— 90007= . 

12. 302,187291—9096392= 

13. From ninety-seven thousand and forty-three, 
take? eight thousand and fifty-five. 

Answer. Eighty-eight thousand nine hundred and 
eighty-eight. 

lim From eleven millions fourteen thousand three 
hundred and one, take nine hundred and four thou- 
sand five hdndred and three. 

Answer. Ten millions one hundred and nine 
thousand seven hundred and ninety-eight. 

15. Required the difference between the sum and 
diflerence of the answers to examples 7 and 8, arti- 
cle 25. 

Answer., Eight mrllions forty thousand and twenty. 

30. Th^ sign + plus is called the positive sign, 
and the sign — minus the negative sign ; accord- 
ingly, a number having the sign plus prefixed to it, 
is called a positive number, and a number having the 
sign minus prefixed to it, is called a neofa/ire number* 
Numbers having no sign prefixed to them are posi^ 
live* 

These two signs plus and minusy that is to say, the 
two operations of addition and subtraction, destroy 
the effect of each other. Thus, 5*+3 — 3=5 ; where 
having taken away "the same that we added, the 
number 5 is still the same. 

The expression 5+3—3 is the same as 5 — 3+3 
or 3—3+5, etc. for in the first, 5+3=8, and 8—3= 
5 ; in the second, 5 — 3=2, and 2+3=5 5 and in the 
third, 3— 3=0, and 0+5=5. Hence it U oC v^^c^ 
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eonsequenee in what order the nuinbers are placed^, 
provided that thej still retain the same sign. 

When there are several positive and several nega- 
tive numbers in the same ekpression/add all the 
positive numbers together, and all the negative num- 
bers together, the difference between the two sums^ 
preceded bj the sign of the greater, will be the value 
of the expression. 

For example, to find the value of the expression. 
16 —9+7—6+3, we precede thus ; 

IG 
+ 7 
+ 3 



+26 Sum of the positive number?.^ 



— 9 

- 5 



■— 1 4 Sum of the negative numbers 



V 



+ 26 
— 14 

+ 12Req, val. 



Wherefore 16—9+7—5+3^12. 
On, as it is of no consequence in what order the 
numbers are placed, wc may precede thus : 
16— 9+7— 5+3=16+7+3— 9— 5=26— 14 = 12. 
Again, to find the value of 35—24 — 96+10, pro- 
ceding as before, the operation stands thus : 
+35 
+ 18 



+53 Sum of the positive numbers.'^ 



- 24 

— 96 



>• 



— 120 
+ 53 



67Re.val. 



■> 



— 1 20 Sum of the negative numbers. , 



Wherefore 35— 24— 96+18= — 67. In this ex- 
mpfe, the sum of the negaV\v.c vmraV^a^^ heing^the 
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groater of tfie two, the value of the expression is 
negative. 

* ^ Examples^ 

1. 7+0+5—6=20—6 = 14. 

2. 37— 48+9— 7+10=37 + 9+10— 4Q—7=5G 

3. 254+679 — 46—75 + 843—997 = 

4. 303—27 + 124+500—809 — 99^ 

5. ai3+658— 964 — iq56+549= 

' 6, 73B— 231 + 1090+167— 46 — 369 = 
7. 96+509—24—134+461—2678 = 
i]. 4031 — 148+27—635+27+36093—9677 = 
9. 14 + 363--I79+ 11-44+19+67— 391 + 
140= 

10. 11022+181 — 12020 — 15643—53 + 83 + 
306 = 

QUESTIONS ON SECTION 4. 

1. From what is the word subtraction derived, 
and what do we understand by it ? 

2. What' is the result of the operation called ? 

3. What sign is placed between two numbers to 
show that one is to be diminished bj as many of its 
units as are contained in the other? 

4. When the sign minus is placed between two 
numbers, which of the two isio be taken from the 
other ? 

5. When the given numbers are large^ is it es- 
sential that the less should be placed under the 
greater, or is this done for the sake of convenience ? 

6. Can we perform the subtraction with nearly 
equal facility if we place the greater number under 
the less ? 

7. In what order do we place the numbers under 
each other? ^ 

8. Why do we take units from units, tens from 
tens, etc. ? 

9. If when the less number is placed under the 
greater, some of the lower figures are greater than 
those above them, what must be done ? 
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10. Efow do we atdure ourselves that Ihe additibir 
of ten units to the upper figure, and of afriDgleutiit 
to the next lower figure, has ao eSect uj^on the^dif- 
ference between the two given numbers ? Explain 
this bjf an example. 

1 ] . How is subtraction proved bj addition^ and 
liow by^aaother subtraction ? * 

]2« What do we observe in comparing the signs 
plus and mihuSi or the operations of addifipn and' 
subtraction with each other ? 

13* What is a number called when preceded by 
the sign plus, and what when preceded by (he sign 
minus? To which of these does it belong when it 
has no sign before it ? 

14. How do we find the value of an ex|)re8ston 
consisting of several positive and several negative^ 
numbers? ^> 

■.■■•■■ JH^ 

Section 5. • 

MULTIi?LI€ATION. 

31. The term multiplication \s derived from two* 
Latin words, multusj many, and/)/tco, I fold. 

The operation is a method of finding the sum pro- 
duced by the addition of a number to itself a certain ^ 
number of times, more promptly than by the actual 
performance of this additrdo in the usual way. For 
example, to multiply 4 by 3, signifies to fijid thesum 
that would be produced by adding 4 to itself 3 times,, 
or more exactly, by th&addition of 3 fours, without 
performing this addition. Now it is evident that this 
can only be done by the recollection of the sum of 3 
times 4 : therefore, in order to multiply 4 by 3, we 
have recourse to what has been said, (art. 23,) and 
say 3 times 4 is 12. 

The number to be multiplied is called multipli' 

cand* That which shows how many times it is to be 

added is called multiplier; and the sum is called /7ro- 

duct. The multiplicand and multiplier are also 

ealled/actors of the pr,odact» 
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.39. The mahtplicatioti of tiie highest numbers 
reqtiifee no&i£|^ more thaa the multiplication of a 
8ingl€^figaiN».1^^ siagle %ure^ ; . 

The nanli'bm prodaced bf the ftdditton of ea£h of 
the nine digits to itself in the manner showro, (art. 
23,) form, the following table, which is attritoted to^ 
Pythagoras* - - 



1 

3 
4 
B 
6 



2 
4 



§ 



!*M* 



8 
10 
12 
14 
16 



li 



a 10 



12 



16 



Id 20 



IS 



31 



24 



1827 



rfM«pi 



1& 



ft-yj 8 

16 



12 



18 



14 



212427 



24 



32 



36 



2a24 

d 



25 



2g 



30 



3036 



283542 



4048 



36 



42 



49 



56 



45 5463 



,*r-»p 



9 
18 



32 



36 



4045 



48S4 



56.63 



6472 



7281 






The first line of this taUe is formed hf the addi- 
tion of 1 to itself, ' 

The second bjr the addition of 2 in the same man- 
ner. 

The third by the addition of 3, and so on for f he rest. 

The product of any two single figures is fonnd by 
means of this table, thus : we seek one of them in 
the upper line, and descend from this vertically till 
we come opposite to the other in the first column ; 
the number upon which we rest is the product. To 
find, for example, the product of 6 times 9, or the 
sum of 6 nines, I descend from 9 taken in the first 
line, till opposite 6 in the first column ; tbe number 
Upon which I rest is 54, which is the ivwv^fe^A ^vm^v* 
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EXTENSION OF THE MULTIPLICATION TABLE. 

The Pythagorean Table is sufficient for the mul- 
tiplication of all numbers, yet an acquaintance with 
the following extension of it may be found very ad- 
vantageous in many cases. The student may, how- 
ever, make use of it or not, as he pleases: I will 
only remark, that arithmeticians generally multiply by 
each of the numbers 11 and 12 as by a single figure. 
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33. The sign X, which is called m/o, is placed 
between numbers to show that they are to ^& mul- 
tiplied together : for example, 4X3 signifies that 4 
and 3 are to be multiplied together, and is read 4 
into 3; also, 4X3=312 is the operation performed, 

} which is read 4 into 3 equal to 1 2. 

Examples. 

1^ 2X2=4; 2X3=6; 2X4=8; 2x5 = 10; 2 
X6 = 12; 2X7=14; 2X8=16; 2X9=18^ 

We have seen (ait. 24,) that 3 times 4 and 4 times 
3 are the same thing ; therefore, in finding the valve 
of the expression 2X3, we may either say twice 3 
is 6, or 3 times 2 is 6 ; and it is the same with the 
succeding expressions* For greater practice, we 
shall therefore multiply both ways, saying twice 4 is^^ 
8, and 4 times 2 is 8, etc. We may also compare 
the abt>ve expressions 2X2, 2X3, 2X4, etc; with 
thefr equivalent expressions 2+2, 2+2+2, 2+2+ 
2+2,^ etc. (art. 23. Ex. 1 .) 

2. 3X3=9; 3X4=12; 3X5=15; 3X6=18r 
3X7=21; 3X8=24; 3X9=27. 

We shall precede with the expressions contained 
in this and the succeding examples, exactly as with 
those of Ex. I ; we must not, however, forget to 
read them 3 into 3 equal to 9, etc. 

3. 4X4=16; 4X5:^2(^; 4X6=24; 4X7=28; 
4X8=32; 4X9=36. 

4. 5X5=25; 5X6=30; 5X7=35; 5X8=40; 
5X9=45. 

5. 6X6=36; 6X7=42; 6X8=48; 6X9=34. 

6. 7X7=49; 7X8=56; 7X9=63. 

7. 8X8=64; 8X9=72, and 9X9=81. 

34. When the multiplicand consists of several 
figures, and the multiplier of a single figure, we 
place the multiplier under the unit figure of the 
multiplicand ; and having drawn a line underneath, 
we multiply successively all the figures of the multi- 
plicand by the multiplier, beginning with the units, i 
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The unit figure of each product we write under the 
figure which gave it, and the tens we retain in the 
same manner as in addition, to add them to the next 
product. Having multiplied the last or left hand 
figure of the multiplicand, we write the whole pro- 
duct underneath, which completes the operation, the 
number under the line being the product of the mul- 
tiplicand and multiplier, that is to say, the sum which 
would arise from the addition of as many times the 
multiplicand as there is jr unit in the multiplier. 

Examples. 

1, To multiply 6342 by 6, I write the numbers 
thus : 6342 

6 



38052 
and beginning with the units, I say, 6 times 2/is 12. 
Here, as in addition, I write 2 and carry 1 : I then 
say, 6 times 4 is 24, and 1 is 25 ; I write 5, and carry 
2 : then, 6 times 3 is 18, and 2 is 20 ; I write 0, acid 
carry 2 : lastly, 6 times 6 is 36, and 2 is 36, the 
whole of which I write underneath, and I have 
38052 for the product of 6342 multiplied by 6,. 
If we write the number 6342 six times, thus, 

6342 
6342 
6342 
6342 
6342 
6342 



38052 
and perform the addition, we have the same result. 
2. 86542X5=432710. 
Having placed the numbers thus, 

86542 



43^110 



.1< 
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/ 

in order to perforin the operation quickly, I say, 5 
times 2 is 10; nought and go 1 : 5 times 4 is 20, and 
1 is 21 ; 1 and go 2 ; 5 times 5 is 25, and 2 is 27 ; 7 
and go 2 : 5 times 6 is 30, and 2 is 32 ; 2 and go 3 ; 
5 times 8 is 40, and 3 is 43. 

3. 962X3=2886; 875X3=2625, and 3469X3 
= 10407. 

4. 732X4=2920, and 96549X4=386196. 

5. 6097X5=30485, and 5403C X 5=270190. 

6. 3927 X6=23562, antf 85976 X7=601832. 

7. 896345X8=7170760, and 985647X9= 
8870823. 

8. Multiply 5384679 by each of tho. numbers 2, 
3, 4, 5, 6, 7, 8, 9, and find the sum of the several 
products. f 

Answer. Two hundred and thirty-six millions, 
nine hundred and twenty-five thousand, eight hun- 
dred and seventy-six. 

9. Multiply 93578864 by each of the numbers 2, 
3, 4, 5, 6, 7, 8, 9, and find the diflFerence between , 
the sum of the products and one trillion. 

Answer. Nine hundred and ninety-five billions, 
eight hundred and eighty-two millions, five hundred 
and twenty-nine thousand nine hundred and eighty- 
four. 

35. When the multiplier, as well as the multipli- 
cand, consists of several figures, having placed the 
numbers under each other, and drawn a liue under- 
neath the whole, first multiply all the figures of the 
multiplicand by the unit figure of the multiplier, as 
above. Then multiply by the tens, placing the prp- 
duct under the first product, so that its unit fkurc 
may stand under the tens of the first product. Con- 
tinue to multiply successively by ail the figures of 
the multiplier, always placing the first figure of each 
product under that figure of the first product which 
stands in the same place of figures as the figure by 
which you multiply. Having multiplied by all the 
figures-of the multiplier, add the several products 



1 
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which they have given, aad Ihe.sum is the total pro 
duct. 

For example, to fiod the product of 6574, mulli< 
plied by 432, 1 place the naoibera thus, 
6574 
432 



13148 twice the multiplicand. 
19722 10 times 3 times, or 30 times -^. 
26296 1 00 times 4 times, or 400 times ^-. 



2839968 Product, or 432 times 6574. 
and having jnultiplied by the unit figure 2 as usual, 
I multiply by the 3 tens in the same manner, writing 
the first figure of this second product in the place of 
tens, that is to say, under the tens of the first product ; 
lastly, I multiply by the 4 Ikundreds, writing the first 
figure of this product under the place of hundreds 
in the first product. 

Now the second product is 3 times the multipli- 
cand, but because the units of which any figure is 
composed are (art. 15,) ten times as great as they 
' would bo if the figure stood one place farther to- 
wards the right, the second product, in the place 
where it now stands, is just ten times as great as if 
it had stood directly under the first; it is therefore 
ten times 3 times, or 30 times the multiplicand. 
For the same reason, because the third product, 
which is 4 times the multiplicand, is removed two 
places towards the left, it is ten times ten times, or 
100 times as great as if it had stood directly under 
the first; it is therefore 400 times the multiplicand. 
Wherefore, because 400+30+2=432, the sum of 
these three products, added just as they stand, is 
432 times the multiplicand ; it is therefore the 
product of 6574 multiplied by 432, as was required. 

When several numbers have the sign X into be- 
tween them, first multiply any two of them ; multi- 
ply the product by the next number, and this pro- 
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duct^gain by the next, and so on till ail the numbers 
are involved. 

Ex* 7x 4X2 X.6= 336, which is found, beginning 
at the left hand, thus: 7X4=28; then 28X2=56, 
and lastly, 56X6=336; or, beginning at the right 
hand, thus: 6X^=12; 12X4=48, and 48X7= 
336. It is therefore of no consequence as to the 
result, in what order the numbers are multiplied. In 
the same mdnner, let the numbers in the following 
examples be multiplied from left to right, and from 
right to left; if the product is the same both ways-, 
the work can scarcely be wrong. 

Examples* 

1.46X34X87=136068. 

2. 26X53X47X9= 

3. 57X73xe4X4« 

4. 384X58X97 = 

5. 876X239X547=^ 

6. 4378X534X6092= 

7. 5276X8439X79584= 

36. When there are ciphers between the figures 
of the fnultiplier^ We omit them, and in every other 
respect procede as before. For example, if wc 
wouldf multiply 49765 by 7008, 1 place the numbers 
thus: ■ 

49765 
7008 



398120 8 times the multiplicand. 
348355 7000 times — . 



348753 i 20 Sum, or 7008 times, 
and having multiplied by the unit figure 8 as usual, 
omitting the ciphers, I directly procede to the 7, and 
as this figure stands in the place of thousands, iri 
multiplying by it, I place the first figure of this last 
product under the thousands of the first, by whic1> ^ 
means the last product becomes 70QQ \.va\^^^^ xsvx^- m 

4 1 
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tiplicand ; wherefore, having added ^e two prodacto 
together, I have 3487531^0 for the total product. 
Let the numhers in the foiiowing exaisples be multi- 
plied from left to right, and from right to left. 

Examples. 

1. 603X307X2004=237098^484. 

2. 35007X9008X706= 

3. 40084X506X50009= 

4. 80003X7006X8904= 

5. 57004 X 60009 X 12007= 

37. If either or both of the factors terminate with 
ciphers, we omit the terminating ciphers in multiply- 
ing, and place them all on the right of the product. 
For example, to multiply 3700 by 150, 1 place the 
numbers thus: 

3700 

150 



185 

37 



555#00 ^ 
after which I multiply 37 only by 15, and have 555 
for the product. But 37 is a number of hundreds, 
and 15 a number of tens ; the product 555 is there- 
fore tens of hundreds, that is to say, thousands; I 
therefore place three ciphers on the right of it, which 
are as many as are found on the right of both the 
factors. The same reasoning may be applied to 
every case of this kind. Let the following multipli- 
cations be performed both ways, as in the preceding 
articles. 

Examples. 

1. 320X600X780*= 149760000. 

2. 50800X25000X700= 
3, 4502000X8050X3400^ 
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4^ 42&79eQQ X 300090 X 40500= 

5h 9200 X 802006000 X50300« 

38« The units composing any 6gare towards the 
left are (art. 15,) ten times as great as they would be 
if the figure stood one place farther towards the 
right : therefore, to multiply a number by 10^ 100, 
1000, etc. we have only to place one, two, three, etc. 
ciphers on the right of it. Thus, 679 X 10=6790 ; 
679 X 100=67900 ; 679 X 1000=679000, etc. 

Rehark. 

From the Pythagorean Table, it 14 evident, that in 
moat cases, the product of two numbers contains as 
many figures as are contained in both factors ; and 
{fim the above example, because 10, 100, 1000, etc. 
are the least numbers that.can eontain 2, 3, 4, etc. 
figures. We easily pecceive that the number of figures 
contained in both factors can never excede the num- 
ber contained in the product by more than, one 
figure. Lastly, as 10::^9 ; 100^99; 1000^^999, etc., 
it is evident that the product can never contain more 
figures than are contained in both factors. There- 
fore, the product (^ two numbtrs always contains as 
man^ figures as are contained in both^ or at most but 
oneless^ 

CONVENIENT CONTRACTIONS. 

39. To multif^ly any number by any of the num- 
bers 11, 12, 13, etc. to 19, inclusive. 

If we would multiply 5734 by 1 1, i write the mul- 
tiplicand with a line underneath, thus : 

5734 



63074 
and commencing with the unit figure 4, 1 write it un- 
der the line : then preceding regularly towards the 
left, I add each figure to the next figure on the right 
of it*y thus : 3 and 4 is 7, which I write under 3 : iKe^ 
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7 and 3 is 10; I write under 7, and carrj 1 to 5 
which makes 6 : then 6 and 7 is IS ; I write 3 under 
5, and carry 1, which, as there are no more figures, 
I add to the 5, and placing the sum 6 in the product 
one place farther to the left, I have 63074 for the pro- 
duct of 5734 multiplied by 11* The reason of this 
will easily be understood, as follows r 

57340 is ten times the multiplicand. 
5734 is once ■ . 



63074 Sum, or 1 1 times the multiplicand* 
Observe, that in placing any number under ten 
times that number, its unit figure stands under a 
cipher, and that each of the other figures stands uit- 
der the next figure on the right of it ; also, that the 
last figure is projected one place farther towards the 
left. 
To multiply 2568 by 14, 1 place the numbers thus : 

S568 
14 



^ 



35952 
and beginning with the umt», I say, 4 times 8 is 32 ; 
i write 2 and carry 3 : then 4 times 6 is 24, and 3 is 
27 ; to this I also add the figure 8 on the right, which 
makes 35 ; I write 5 and carry 3 : I then say, 4 times 
5 is 20, and 3 ts 23, and 6 (always adding the right 
band figure) is 29 ; I write 9 and carry 2 : then 4 
times 2 is 8, and 2 is 10, and 5 is 15 ; 1 write 5 and 
carry 1, which, as there are no more figures, i add 
to the 2, and placing the sum 3 on the left, 1 have 
35952 for the required product. 

The reason of this operation is the same a& that 
given for the multiplication by 1 1. For, as we there 
added once to ten times, we have here in like man- 
ner added four times to ten times. We should pro- 
cede in the same manner with any of the multipliers 
above mentioned. 
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TO MULTIPLY A NUMBER BY NINE, OR ANY NUMBER 

OF NINES. 

It is evident, that if we place once any namber 
under te^ times that number, and subtract, we shall 
have nine times that mimber. 

Wherefore, to multiply 3786 by 9, I write the 
number with a line undeitieath, thus : 

3786 



34074 
and* beginning with the unit figure, 1 say, 6 from 10 
leaves 4 ; I write 4 und^r 6, and carry one to the 
next figure on the left : .tben<l and 8 is 9, and as I 
cannot take 9 from &^ I s^ 9 froiv 16 leaves 7, which 
I write under 8y«nd carrying 1 to 7 which makes^S, 
1 say 8 from 8 leaves (^ wbich.I write under 7: lien 
3 from 7 leaves 4,^. which I write under 3 : lastly, I 
place 3 in the produc^4>n the left, anB I have 34074 
for the required product. This operation is the 
same as the following : ^ 

37860 is ten times the multiplicands # 
3786 is once . n 



34074 difierence,or9 times the multiplicand. 
To multiply by a number of nines. Place as 
many ciphers (HI the right of the given multiplicand 
as there are nines to multiply ;by; from this new 
number, subtract the multipHcwM^ laid the remain* 
der will be the required product. 

For example, to multiply 693S by 991>, < 
I write, 693300i0 

6932 



6935068 
In placing three ciphers on the right, I multipFy 
by 1000 (art. 38 ;) then as 1000—1=999, in sub- 
tracting once the number from a thousand times, the 
remainder is 999 times, as was required. 
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A number tl^at is a certain number of times ano- 
ther number^ is called a multiple of that other num- 
ber. Thus 12 is a multiple of 3, because it contains 
3 a certain number of times exactly ; also, a number 
that is a multiple of sereral numbers, is called a 
common multiple of those numbers f thus 12 is a 
common multiple of 6, 4, 3, and 2. 

40. In thei multiplication of two numbers, when 
any part of the multiplierlowards the left is a mul- 
tiple of the part preceding it, the work may often be 
considerably shortened, as will be seen in the follow- 
ing examples. 

If we have 34625 to multiply by 248, £ write the 
numbers ^asusnal, 

34625 . . > 

248 



277000 eight times the multiplicand. 
831 000 ^o hundred' and forty times* 



1 



8537000 
and having multiplted by the unit figure 8 of ^e 
multiplier, I have 277(XK) fpr th^ first partial product. 
' Then as the part 24 of the multiplier is a multiple 
of 8', since it contains 8 just 3 times, instead of mul- 
tiplying by the figures 24 as usual^ I multiply the first 
product 277000, which is 8 timies the multiplicand, 
by 3, and I have 8587000 for 24 times the multipli- 
cand ; the unit figure of the last product being 
placed under the tens of the first, makes the whole 
of this last product signify 240 times the multipli^ 
caQd : wherefore, the sum of the two products is 248 
times the multiplicand, as was required. 

EsAMPLfi 2* 

What is the product of 358976 mqltiplied b-y 
147497? 
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35S97e 

147497 



2^12832 seven times the multiplicand. 
17589834 seven times seven times, or 49 times. 
527G947S tbree times 49 times, or 1 47 times. 

52947.88S075 Product. 

£bving muhiptied by the unit^ure 7 of the mul- 
tiplisrif 1 have 351283^ fi>r \be product ; then, as 49 
on ffie^left is just 7 times 7, 1 take 7 times 35i2882, 
which gives 17589834 for 49 times the mtritipli- 
caod ; tfai«pfodii0t being cemoved one place towards 
the left^ IS 490 times the tnulttplicand : again, be- 
cause )v47, which i«^on the left of 49, is just S times 
49, 1 m^ltfipljr ih^ {^odiiot 17.3^34 by 3^Md I 
have5276941S lor 147 times the^ulttplicand ; the 
unit figi}i>0 ctf this pf^uct being put<in the place of 
thousands) m^es the whole signify 147000 times 
tbfj mnl^Iieand. Now, because 147000+490+7 
=sl47497,,fiiesunkef these three products is 147497 
times thd^mciitipUeatiid, as Was r^uired. 

Let the value of the following expressions be 
found aceordii^' to the above methods of contrac- 
tion 'j^ alfio^ letih'^c^he muUipJieid from left to right, 
and from rii^tto left; if the product is found the 
same both ways, this will be a sufficient proof of the 
correctness of the operation. 

3. 96817X3216X119= ' 

4. 192486X4214x168=^ 

5. 4816X999X93618=: ; • ~ 

6. 7212X1918X3913= 

7. 84427X1415X12999= 

8. 7813X13211 X162546« 

9. 15317X19818x16814= 

10. 243819X999X11216= 

11. 124X153X9999X3417= 

12. 185496X271863X11214= 

41* A vinculum is a bar ,or parenthesis ( ), 

ifsed to collect several quantities into owe.. T^v^^^ 
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6+4X3, or (6+4)3, signifies that the mm of 6 

and 4' is to be multiplied by 3, and 6— 4X3, or 
(6—4)3 signifies that the difference between 6 and 4 

is to. be muhiplied by 3. Again, 8—4+2, or 8 — 
(4+2) signifies that the s unn of 4 and 2 is to be taken 

from 8; also, 8—4—2, or 8— (4— 2) signifies that 
the difierence between 4 and 2 is to be taken from 8r 
Any two numbers having the si^ X into between 
them, are considered as having immediate ponneption 
with each other, unless 'this is ptfaeniirise determined 
by tbiB vinciJuaa*, Thus, 5+4 X 3== 15, and 4+6 X3 

=522; bat 6+4X3=30, and (4+6) X'3«;8€[* - 
A1m,€— 2X3=K<^and(«— 2)S=teta. . 
Wheii an expression under a i^inculum is pjreeeded 
by the Bign minus, the 'vincuhim nsay be taken awdy, 
and the expression still retain the same vatue, by 
changing the signs of the numbers under ;lhe vincu- 
lum u'om^fta to mmtif, and (mmmivms ioflusiyAhe 
sign preceding the whel6 eacpressioii remaining the 
same. Th us, 

36—7+3=26 ; also, 36--7— ^s*^. 
Again, S6-r.(7— 3)=32j_also 36—7+3=5=32. 

In the expression 36—7+3, because ttienunnbers 
7 and 3 are united by the vinculum, we understand 
(hat their sum is to be taken from 36 ; but if the 
vinculum were taken away, we should then consider 
the 3 as a number to be added, seeing that it is pre- 
ceded by the sign pFus; therefore, that we may still 
consider it as a number to be subtracted, in removing 
the vinculum, we change (he sign preceding it from 
plus to minus. 

Also, in the expression 36 — 7 — 3, as 7 and 8 are 
united by the vinculum, we understand that their 
difference is to be taken from 36 ; but if the vincu- 
lum were taken away, we should then consider both 
7 and 3 as numbers to be subtracted ; wherefore, in 
order to take away no more than their difference, 
hAving taken away 7 which is 3 too much, we must 
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add 3 to make ap the deficiency; that is to say, in 
removing the vinculum, we must change the sign 
preceding 3 from minus to plus. It is the same, 
whatever is the number of quantities under the vin« 
cttlum. . 

To multiply a number is (art* 31,) to add it to it- 
self a certain number of times* Now, as 9=6+3, 
it is evident that 9+9=6+3+6+3, or 6+6+3+ 
3 ; that is to say, that twice 9 is equal to twice 6 
plus twice 3. Again, as 9=5+4, it is evident that 
9+9+9=5+4+5+4+5+4, or 5+5+5+4+4+ 
4 ; that is to say, three times 9 is equal to three 
times 5 plus three times 4. Hence we easily per- 
ceive that when a number is multiplied bg any other 
number J the product is equal to the sum of' the pro- 
ducts f when all its parts are separately multipliei by 
that number. *»? 

For example, 8 X6«=^48 ; and if we divide 8 into 
the parts 4, 3, and 1, and muftiply each of these by 
6} thuS| 

4 + 3+1 

6 



24+18+6 
the sum of the three products 34, 18, and 6, is 48. 
Also, dividing the multiplier 6 into the two parts 
4 and 2, and multiplying by each of these separately^ 
as above^ 

4 + 3+1 
4 + 2 



16+12+4 
8+6+2 



16+12+4+8+6+2 
we have 16+12+4 for the product of foqr times 8, 
and 8+6+2 for the product of twice 8, Now the 
sum of these two products should be 6 times 8, or 
4 89 which it b in effect* 
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From the above, it is evident that (8+7+5)9=si72 
+63+45. 

Again, (6— 4)3=6, Here we may observe that 
as it is the difference between 6 and 4 which is to be 
multiplied by 3, if we multiplied the whole 6, which 
is 4 too great by 3, the product will be 3 times 4 toa 
much, and consequently will require to be diuanish* 
ed by 3 times 4, ip order to give the true product* 
Now Uiis is the same as to multiply the numbers G 
and 4 separately by 3, and to take the difference be- 
twcea the products. Therefore, (6— 4)3=18— 12^ 
Also, (5+8— 2— 3)4=20+32— 8— 12* When the 
vinculum is thus removed by writing the several 
products, the expression is said to be expanded* 

Thua the expression 78— (7— 8+6— 3)5 when ex- 
panded, is 76—35+40—30+15. 

"•^ 

Examples SHOWING THE USE OF THE Vinculum:. 



V 



1. 32— 17+6—1 4— 9»32 . 

2. 186+43—27—6+8+4=184. 

3. 9645— (1736 +^3) — 1 7X6=7784. * 

: 4. 9645- 1738+23- 17 X6=;7945. 
:^.t 9645— 1736+23-17 X6==— 807. 
6. 9645— 1736 + 23-1 7 X6=»47 49Q. 

;. 7. 50— (7— 3+9+8)— ^,+2— 4X3=17, 

8. 50— 7 +3w9— 8— (6+2— 4)3=17. 

9. 67a— 81— 31 — 136X8— (7+4) 9=1261. 
10. 672— (81— 31— 136)8 — (7+4)X9=1214K 

QUESTIONS ON SECTION 5. 

« 

1. From what is the word multiplication derived ? 
^ 2. What is understood by the miiltiplicatbn of a 
'^ number? 

3. What is the number called which we multiply ? 
^ 4. What is the number called ^hich shows how 
many times, the multiplicand is to be repeated ? 
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5* What is the result of the operation called ? 
' 6. What general name do we give to the multipli- 
cand and muUiplier t 

7. Id what does maltiplication di^r in its object 
from addition ? ^ - " \ 

8« What is the sign of multiplication, and how is 
it formed? 

9. How does this sign differ from the sign plus ? 

10. When the multiplicand consists of several 
figures, and the multiplier of a single figure, how do 
we procede ? 

11. Why do we carry a unit for erery ten which 
we^d in the product of any figure, to the product 
of the nextfi^re on the left ? 

19. Why do w« begin'' multiplication with the 
units? 

13. Wh^ the multiplier also consists of seyerajt 
'figures, wbj|rS&) we place tfaie unit figure of each par* 
tial product under that figure of the first product 
which sitands in the same place of figures as the 
figure by wtticb we multiply ? Let this be ezj^lained 
by an^xamrple. 

14* When there are ciphers between the figures 
ef the multiplier, how do we procede ? 
\ 15. If either or both of the factors terminate' with 
ciphers, how do we procede ? 

16. How do we multiply a number by 10, 100, 
1900. etc. ? 

171 What do we observe with regard to the num- 
ber of figures in the product ? 

1 8« What is the most expeditious method of mul- 
tiplying a number by 11^ 12, Idy.etc. as far as 19 
inclusive ? 

19. How do we multiply by 9, or a number of 
nines? 

20. What is the meaning of the term multiple ? 

21. What is a common multiple ? 

22. When one part of the multiplier on the left is 
a multiple of that which precedes it, how do wc 
contract the operation ? Give an exam^i;le<. 
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23. What is a vinculum, and how used ? 

24. What is understood by the expansion of an 
expression comprised under a yinculum ? 

25. How do WG expand such an expression when 
preceded bj the sign* minus? Give an example. 

Suction 6. 

DIVISION. 

42. We have seen (art. 26,) that we can by seve- 
ral subtractions fin4!»tiow often one number is con- 
tained in another, but by diirisioji, we find the^same 
with much greater facility. For exagiiple^ to divide 
20 by 5, that is to say^ to find how often 5>is confin- 
ed in 20, from the irecollection (art. 23,) of the 
number of fives which mu^ be added tdgelher to 
make SO, we say 5 is contained in 20 four times. 
Therefore, 4 is the answer. 

The number to be divided^ is called Hvid^ndj the 
number to divide by divisor^ and the Aumber found 
by the operation quotient. Hence, in ih& above ex- 
ample, 20 is the dividend, 5 the divisor, and 4 the 
quotient. 

43. The sign which denotes division is formed 
thus -r*. This sign is called fry, and signifies that the 
former of the two numbers between ' which it is 
placed is to be divided by the latter. Thus, 24-4-6 
signifies that 24 is to be divided by 6, and is read 21 

" by 6. Also, if the numbers are placed thus V» the 
same thing is signified, th^ number above the line 
being always the dividend, and that below the line 
the divisor. Hence 24-2-6=4, or V =4, each of 
which expressions we read 24 by 6 equal to 4* Also, 
24-r-4=6. From this example, we see that 24-4-6 
=4, and that 24-r-4=6 ; but 4 X6=:24, whence we 
conclude that if we divide the product of two num" 
hers by either of those numbers^ the quotient will be the 
other number y therefore, if we multiply the quotient 
by the divisor, we sh«A\ ^\^vj% le^^^d^^^ we divi- 
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dend, and consequently, division may always be 
proved by multiplication* 

Also, bec&use we find the divisor in dividing by 
the quotient,' one division may always be proved by 
anoth^r^ at least when the dividend is a multiple of 
■ the divisor. 

Examples. 

1. 4-f-2=^2-, 6-r-2=3; 8-i-2=4; 10-4-2=5; 12 
-r-2=6 ; V* =7 ; V =8, and V =9. We read these 
expressions 4 by 2 equal to 2, 6 by 2 equal to 3, etc. ; 
but in finding their value, we say, 2 is contained in 
4 twice, writing 2 for the .quotient on the right of 
the sign, again, 2 is contained in 6 three tiihes, 
writing 3 as before. As the< divisor is found in di- 
viding by the quotient, we shall for greater practice 
say, 2 in 8 four times, and 4 in 8 twice ; 2 io 10 five 

' times, and 5 in 10 twice, and so on for the other 
expressions in this and the succeding examples. 

2. 1=2; 1=3; V=45 V=55 V=6; V=n 
V=8, andV*=9. » 

3. 1=2; y=3; V=4; V=5; V~6 5 V=7; 
V=8,and.V=9» 

4 1_0=-9. 16 Q. 3 A, as K- 3 ft. 35 

7; V=8,aiid V=9. 

5. V=2; V=3; y«:4; V=5; V=6; V = 

7; V=8,and V==9- 

6. V=2; V=3; V=4; V = 5; V=6; V = 
7; y=8, and V=9. 

7. V^2; V=3; V=4; V=5; V=6; y = 
7; V = 9an<J V=9. 

8. V=2; V=3; V-4; V=5; V==6; 
7; V=8, and V=9* 

9 2^ 1.1 1. 4^i1. 5-3I. 6-^1. Issl- 1 = 

1 , and f = 1 . Also, f =2 ; ^=3, etjc. 

From this last example we see that any number 
divided by itself is equal to a unit, and that any 
number divided by a unit is still the same* 

10. 4=2; f=2 5 and Y=2« Beca\!iae e^cVv ^C 

5 
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these expressions is equal to 2, they are equal 
to one another; therefore, as |'=|=V'» €*c, if 
Mre multiply both^ the dUvidend^and dilisor by tibie 
same number, this has no effect upon the quotient; 
and consequently if vte Ay\A^ both by the^ same 
number, th6 ^quotient will still be the same. We 
will exemplrfy this a little farther, ms, and if we 
multiply the dividend and divisor both by 4, we have 
Vj and V==^) ^ before. 'Again, V=4, and if we 
divide the dividend and divisor both by 4, we have 
I, arid | =4, as before. Wherefore this is general, 
what-ever be the dividend and divisor. 

As the number 24 is the same multiple of 6, that 
3 is of % the numbers 24 and 8 are-called tqwrnul^ 
tiphs' of the numbers 6 and 2, and we have seen 
that these equimultiples contain each other as often 
as the numbers contain each other, and that this is 
general whatever be the numbers and the equimul- 
tiples. 

44. The signs X into and -r- hy^ that is to say, the 
operations of multiplication and division, destroy 
the effect of each other. Thus 6 X 4-M=6i where 
we see that having multiplied and divided by the 
same thing the number 6 is still the same. Division 
is therefore the reverse of multiplication, the latter 
being an easier method of performing what might 
be done by addition, and the former an easier me- 
thod of performing what^ might be done by subtrac* 
tion. We will now precede to the division of a 
number consisting of many figures by a number ex- 
pressed by a single figure. 

45. As 12 contains 4 three times, 12+12 will 
contain 4 three times plus three times ; that is to 
say, twice 12 will contain 4 just twice as often as 
12 contains 4 ; ten times 12 will contain 4 just ten 
times as often as J2 contains 4, &c» Hence it is easy 
to perceive that if we increase the dividend any 
number of times, leaving the divisor the same, the 
quotient will be increased the same number of times* 
Therefore if we divide 12 tens by four, the quotient 
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will be three tens ; if we divide 12 hundreds by 4, 
ibe quotient will be 3 hundreds, etc. 

Now, in dividing a number consrsting of many 
figures, as it is evident from what has been said that 
no quotient figure of a superior order can ever arise 
from the division of any of the inferior orders, we 
always begin the division at the left hand. 

Having taken a part of the dividend sufficient to 
contain the divisor, and placed the number of times 
that the divisor is contained in this part in the' quo- 
tient, it is evident that for every remaining figure in 
the dividend we must have a figure in the quotient. 
For, if the part of the dividend first taken is thou- 
sands, the quotient figure found in dividing it will 
also be thousands, and will require as many figures 
on the right of it as will make it stan4 in the place 
of thousands, that is to say, just as many as remain 
in the dividend ; for this reason, when any of the 
partial dividends docs not contain the divisor, we 
must always placQ a cipher in the quotient. 

We have seen (art. 44) that when a number is 
multiplied and ^iivided by the same number it still 
remains the same. Therefore, having multiplied 
563 by 5 and found the product -2815, it is evident 
that if we divide this product by 5 we shall have 563 
for the quotient. In order to perform the division, 
we place the numbers thus : 

Dividend 
Divisor 5)2815 

563 Quotient 
and, as 5 is not contained in 2, the first figure of the 
dividend on the left, we take the two first figures, 
and seek how often 5 is contained in 28 ; we find 5 
times and 3 over, but this number 28 is 28 hundreds, 
and consequently the quotient figure 5 that we have 
found is 5 hundreds, we therefore write it under 8, 
and as there is a remainder of 3 hundreds to be di* 
vided, we carry this to the next place of figures on . 
the right, where (art, 15) \tbeco^Cl^^^^^^\^^^^a!^- 
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fher with the 1 in this place is 31 tens ; we then seek 
how often 5 is contained in 31, we find 6 times and 
1 over; now, as 31 is a number of tens, the quotient' 
flgure 6 which we find in dividing it is 6 tens, we 
therefore write 6 under tens and carry the ten which 
remains to be divided to the place of units, here to- 
gether with the 5 units it makes 1 5. Lastly, we di- 
vide 15 by 5, saying 5 in 15 three times ; having 
. written the quotient figure 3 under units the opera- 
tion is finished, and we have 563 for the quotient, as 
was proposed. 

In multiplying 563 by 5, having placed the num- 
bers as usual, thus: 

563 
5 



2815 . 

we say 5 times 3 is 1 5 ; we write 5 and carry one. 
Now this is 1 ien^ and is the same ten which is 
brought back again to the place of units in divi^ng 
the product 2815 by 5* Again, we say 5 times 
6 is 30 and 1 is 31 ; we write 1 and carry 3. Now 
this is 30 tens or 3 hundreds, and is the same that 
remains in dividing 28 hundreds by 5. Lastly, we 
say 5 times 5 is 25 and 3 is 28, which we write un- 
derneath, and we have 281.5 for the product. Ha- 
ving reproduced the dividend, this last operation 
is a proof of the correctness of the first. 

Also remark that the dividend is always the pro- 
duct of two numbers, one of which is the, divisor 
and the other the quotient. 

Ex. 2. 560799-4-2=280399-J- 

To perform th6 operation indicated, place the 
numbers thus : 

2)560799 



2803991 



and say 2 in 5, twice and 1 over ; write 2 and carry 

I to the next place on the ri^ht, where with the 6 it 

wakes 16. Then say % *m \^^ ?i \Atci^%^^tA\^\\\a^ 
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U'nderueatb ; aho say 2 in 0, times, writing un- 
derneath : then 2 in 7, 3 times and I over; write 3 
and carry 1 to 9, which (art. 15) makes 19. ' Then 
gay 2 in 19| 9 times and 1 over ; write 9 and carry 
the 1, which is 10, to the 9 units. Again say 2 in 19, 
9 times and 1 over; write D, and as this last remain* 
der 1 is a part of the dividend which has not yet 
been divided, place it as a dividend over the divisor 
2 thus I, and considering it as representing the quo- 
tient of I divided by 2, ^bat is to say, half a unit, 
place it in the quotient on the right hand as above. 
Do the same in all cases where there is a final re- 
mainder. 

To avoid embarrassment in proving examples like 
ihe present by multiplication, we need only recollect 
-that a number multiplied and divided by the same 
number is not altered (art. 44.) Thus l-f-2X2=l, 
or, which is the same thing,' ^x 2=1. Also, since 
^ signifies the quotient of 5 divided by 7, and since 
the quotient multiplied by the divisor will (art. 44) 
reproduce the dividend, the quotient f multiplied by 
the divisor 7 will reproduce the dividend 5, that is 
to say, 4X7, or 54-7X7=5; and it is the same 
with all similar expressions. Such expressions as 
these, ^, I, I, f, I, etc. are resid one-half ^ one-third, 
'ane-fourth,Jive-seventhSy eight-ninths, &c. Their na- 
ture will be more fully explained hereafter. 

To prove the above example, place the divisor 2 
under the quotient, thus : 

280399J 
2 



560799 
and multiply,^saying |X2=='l (art. 44;) and as this 
1 is a unit, retain it ; then say twice is 18 and the 
unit retained ia 19, 9 and go I 'y again, twice 9 is IG 
and 1 is 19, 9 and go 1 ;; twice 3 is 6 and 1 is 7; 
twice is ; twice 8 is 16, 6 and go 1 ; twice 2 16 
4 and 1 is 5. 
Let the same method of ot^et^Wow ^\\ft^ >j^^^V>^^ 

5* 
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pursued with regard to each of the foUo^nring exam-* 
pies, 

^. Divide 8709120 by each of the numbers 2, 3, 
4^ 5, 6, 7, O9 9, and find the sum of the quotients. 

Answer. Fifteen millions nine hundred and twen« 
ty*eight thousand seven hundred and four. 
, 4. 76947^2==S847S^and-i^^l62I2i. 
6. 106204-T^ =354011 and ^^=14498|. 

6. 112008-^-4=28002 and ^P = 12794|. 

7. 731344-i.6=J46868f and ii|H;=l948|. 

8. 79248657-^7=1 1321236f. 

9. 93010681-^=1 1626336f. 
10. 1065067856^9=1183408721. 

46. When the divisor consists of several figures, 
we cannot precede as in the above article, that is to 
say, we cannot easily perform the multiplication and 
subtraction mentally ; we shall therefore show by 
examples the method to be pursued in this case. 

To this effect we shall first multiply 213 by 52, as 

follows: 

213 
62 



426 
1066 



11076 
and having found the product 11076, we shall divide 
this product by 213, which (art. 43,) will give 52 
for the quotient. 

To perform this division, we place the numbers 
thus : 

Dividend 
Divisor 213)11076(52 Quotient 

1065 



VMaMMMB 



426 
426 
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and first we take as nuiDy of the left band figures of 
the dividend as will contain the divisor, that is to say, 
we take four figures, because three are not sufficient. 
We then seek how often the divisor313 is contained 
in 1 107 ; and to find this with facility, we seek how 
often the hundred's of the divisor are contained in 
the hundreds of the part of the dividend which we 
have taken^; that is to say, we seek how often the 
greater part of the divisor is contained in the great- 
er part of this dividend : we therefore say, 2 in 11 
five times ; this 5 we place in the quotient on the 
right of the dividend. 

We then multiply 213 by 5, placing the product 
1065 under 1107, and having drawn a line under- 
neath, we .subtract and have 42 for the remainder. 

To the right of this remainder we bring down the 
la&t figure 6 of the dividend, and seek how often 213 
is contained in 426 ; by seeking how often 2 is con- 
tained in 4, we find twice ; wherefore, we write 2 in 
the quotient on the right of 5. 
^ i^gain, we multiply the divisor 213 by 2, placing 
the product 426 under 426, the part divided. Having 
. drawn a line underneath, we subtract, and as nothing 
remains, we* find that 11076 contains 213 just 52 
tiroes, as was anticipated. 

We shalfnow divide 1 J076 by 52, which (artr43.) 
will give 213 for the quotient. 

52)11076(213 
104 



67 
52 

156 

166 

Here, as the two first figures of the dividend are 
not sufficient to contain the divisor, we take^ the three 
first, and seek hbw often 6^ is co\Aa\w^iiVcv \V^^\s«i 
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seeking how often 5 is contained in 1 U It is con^ 
tained twice, or 2 tinie^ : we therefore place 2 in the 
quotient. 

We next multiply the divisor 52 bj the quotient 2. 
placing the product 1 04 under 110. 

Having drawn a line underneath, and subtracted^ 
we have 6 for the remainder, to the side of which 
we bring down 7, the next figure of the dividend. 

We then seek how often 52 is contained in 67^ 
saying, 5 in 6 once ; we therefore write 1 in the quo- 
tient on the right of 2. 

Having multiplied the divisor by this 1, we sub- 
tract the product 52 from G7, which leaves a re- 
mainder of 15. To the right of this remainder we 
bring down the last figure 6 of the dividend. 

Again we seek how often 52 is contained in 156, 
saying, 5 in 15 three times; we place 3 in the qw- ' 
tient, and having multiplied the divisor 52 by this 3; 
we have 156, which being subtracted from 15$, the 
part divided leaves nothing. 

We have therefore 213 for the quotient, as wa^ 
anticipated. Thus we see that each of these divi- 
sions is a proof of the other, and that the multipli- 
cation with which we commenced is a proof of both. 

Observe also, that the steps which we. take in this 
operation are the same as those taken article 45, ex- 
cept that the multiplication and subtraction are here 
performed actually instead of mentally. For, if we 
place the numbers thus, ^ 

52)11076 

213 

and say, 52 in 1 10 twice and 6 over; 52 in 67 once 
and 15 over; 52 in 158 three times, we have the 
same quotient ; but we find a difficulty in performing 
the multiplication and subtraction, which would still 
be increased if the divisor was greater ; it is there- 
fore necessary to pursue the actual method. 
Note. As there must be (art. 45,) just as many 
Sgures on the right of iViG tet ^v\c>\\^tA figjire as 
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there ar6 in the dividend on the right of the part 
first divided, we easily perceive that when the first 
partial dividend contains just as many figures as the 
divisor, the divisor and quotient together will contain 
one figure more than the dividend ; and when the 
first partial dividend contains one figure more than 
the divisor, the divisor and quotient together will 
contain just as many as the dividend. When the 
dividend is large, we put a dot under each figure as 
we bring it down, to avoid mistake. 

Let the succeding examples be proved both by 
division and multiplication. 

Examples for Practice. 

1. 31406^41=766, and Hfr=41. Also, 41 X 
766=31406. 

2. 2336-4-73=^=32, and ^5^=982. 

3. 463088-5^412=1124, and ^-^^^^'=7 1321. 
.4. 7483566-^-82=91263, and "J^^^^*=^2416. 

6. 7I710048-r-796=90088,and''-ii^^'=86Q43. 

47. The method of finding how often the divisor 
is contained in each partial dividend, by simply seek- 
ing how often its first or left hand figure is contained 
in the first figure, oi; two first figures of each of 
these dividends, is not always infallible; but the 
multiplication and subtraction which come after al- 
ways serve to correct the error when there is one. 
For if, having multiplied by the quotient figure, we 
find that the product is greater than the dividend 
from which it is to be subtracted, this is a proof that 
we have taken the divisor more times than it is con- 
tained in this dividend, and consequently, the sub- 
traction is impossible : we must therefore, in this 
case, diminish the quotient by 1, 2, 3,^tc. units till 
the subtraction becomes possible. 

If, on the contrary, having subtracted, we find that 
the remainder is greater than the divisor, as the di- 
visor is yet contained in the ^emainde^^thUU^^«^<^€ 
that the quotient figure is too EtnaWv W twoaX ^^^^- 
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fore, in this case, be increased till the remainder is 
less than the divisor. 

Example. 

170590~473=360|4|. 

Dividend 
Divisor 473)1 70590(360|4f Quotient 

1419 



2869 
2838 



310 

We here take the four first figures of the dividend 
because the three first do not contain the divisor* 

After which, we seek how often 4 is contained in 
17 ; we find 4 times; but in rnultiplying the divisor 
473 by 4, we have 1 892, which is greater than 1 705, 
and consequently the subtraction is impossible ; we 
"therefore place only 3 in the quotient. We multi- 
ply 473 by 3, and having written the product under 
1705, we subtract, and there remains 236, to . the 
side of which we bring down the next figure 9 of 
the dividend. 

We then seek how often 4 is contained in 28 ; we 
find 7 times, but for the same reason as above, we 
place only 6 in the quotient. Having muHiplied 
and subtracted, we have 31 for the remainder, to the 
side of which we bring down the last figure of the 
dividend. Then as the divisor is not contained in 
310, we place in the quotient. Also, because 310 
is a part of the dividend which has not been divided, 
we place it as a dividend over the divisor as usual, 
thus m, and considering this as the quotient of 310 
divided by 473, we place it in the quotient on the 
right hand, as above. 

48. The following observation will, in many cases, 

coabie us to avoid useless trials. When the second 

figure of the divisor (^counWti^^iom^^\^l>>^v5»tcw>\cK 
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greater than the first, instead of seeijjpg how often 
the first figure of the divisor Js contained in the cor- 
responding part of the dividend, we must seek how 
often the first figure of the divisor, increased by a 
unit, is contained in this part. This trial will always 
be much nearer than the first, and can never give too 
great a quotient. 

Example. 

3_7j0 1— fi319 
3 9 7 "3 9l' 

Dividend 
Divisor 397)2701(6|if Quotient 

2382 



319 

Here, instea^d of saying in 27 how many times 3, 
] say in 27 how many times 4, because the divisor is 
much nearer 400 than 300, 1 find 6, which is the true 
quotient ; instead of which, by the usual method, I 
should have found 9, and should consequently have 
been obliged to make three useless trials. We easily 
perceive that this can never give too great a quo- 
tient ; for, if it could, then might 400 be contained 
in the divitfend a greater number of times than 397, 
which is impossible. 

Because 1^^X397=319 (art. 45,) the above ex- 
ample is proved thus: 6X3974-319=270K We 
shall prove all similar divisions in the same way. 

Examples for Practice. 

I 65497 001 8 1 anrl HiMIssQOT » 4 6 

%. 37065849-4-356=7602711 J. 

3. aiHHH=30097, and iiH|«»JJ=,657939|||. 

A 814I583 OnQT<47 J 7847»00 000 8 5 4 

5. 757969331h-947=800390tJt- 

6. iSHI».' =6705311, and "".Sir ■=9981tVtV 

7. 78987116249^19818=S985624fffH- 
„ 54968x42147 .„.^,o* 

^- —46S3 =^^^^^^- 
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QUESTIONS ON SECTION 6. 

1. What does division teach ? 

2. What is the number c&Iled which we divide ? 

3. What is the number called by which wci divide? 
4* What is the result of the operation called ? 

5. Could we find the quotient bj subtraction? 

6. What sign is placed between two numbers to 
show that the one is to be divided by the other ? 

7. When the sign by is placed between two num- 
bers, which of the two is th^ dividend ? 

8. By what other method do we express the divi- 
sion of one number by another? ^n this last case, 
which is the dividend ? 

9. When the divisor consists of a single figure, 
and the dividend of many figures, bow do we pro- 
cede ? 

] 0.^ Why do we begin the divisionat the left hand ? 

1 1 • Why do we place a cipher in the quotient 
when any of the partial dividends is too small to^ 
contain the divisor? 

12. When we speak of numbers and their equi- 
multiples, what is understood ? 

13. What property belongs to the equimultiples of 
any two numbers? 

14. When the dividend is not an exact multiple 
of the divisor, how is the division of the remainder 
expressed, to form a part of the quotient? 

16* What is this part of the quotient equal to 
when multiplied by the divisor? 

IG. How is a division proved by multiplication 
when there is a remainder ? 

17.* How is a division proved by another division 
when there is no remainder ? 

18. If we divide the product of two numbers by 
one of them, what will be the result ? 

19. When the divisor consists of several figures, 
and we have taken a part of the dividend sufficient 
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■ v^ 

lO contain it, hotr do we* find hdtr often it is con- 
tained in this palrt f 

20, liow do tre pfocede when the second figure 
of the diviiBOr, counting from the left, greatly excedes 

. the first ? 

21. What do we observe in comparing the signs 
2*72/0 and 6y, or the operations of nniltiplicatiou and 
division with each othelr ? 

Section 7. 

49. We will now examine^a singular property of 
the number 9, which furnishes an expeditious method 
of proving multipVie^tion and division. 

M we take all the nines out of a number express- 
ed by any figure followed by ciphers, there will be 
a remainder of that isame figure. This we shall 
easily perceive, as follows : 

9+1 = 10; 99+1=100; 9994-1=1000, etc. 

Th erefor e, 60=10x5, or 9+1x 5; 600 =100x 

5, or99+ 1X5; 5000=1000x5, or 999+1x5, etc. 

Now, in multiplying 9, 99, 999, etc. by 5, the pro- 
duct will be an exact number of nines ; and in mul- 
tiplying a unit by 5, we shall still have 5 ; each of 
the numbers 50, 500, 5000, etc. is therefore com- 
posed of an exact number of nines and 5, and con- 
sequently, if we take all the nines out of any of 
these numbers, there will always be a remainder of 
5. In the same manner, we might show that each of 
the numbers 60,600, 6000, etc. is composed of a 
certain number of nines and 6 ; consequently, if we 
take all the nines out of any of these numbers, there 
will be a remainder of C, and it is the same with any 
other figure followed by ciphers. . * 

.Hence, if we take all the nines out of 5647, 
which is equal to 5000+600+40+7, the remainder 
will be the same as when all the nines are taken out 
of 5+6+4+7, that is to say, when we take all the 
nines out of any number, we have tlv^^M\^\^\K»x\^ 

6 
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der as when we take all the nines out of the sum of 
the figures which compose that ncftnber. Thereforei 
to find the remainder which we should have in taking 
all the nines out of 5647) we say, 5 and 6 is 11 , and 
4 is 15, and 7 is Q2. Then, to cast the nines out of 
22, we saVf 2 and 2 is 4, which is the remainder 
sought. Ur thus : 5 and 6 is 11 ; cast out and 
there remains 2 : then 2 and 4 is 6, and 7 is 13 ; 
cast out and there remains 4, as before. 

Note. In thus adding we always omit the figure 9. 

We prove multiplication by the aid of this proper- 
ty, as follows : 

Suppose, that having multiplied 348567 by 562^ 
and found that the product is 195894654, we woald 
prove the correctness of the operation. 

We cast the nines out of 348567, and have a re- 
mainder of 6 : we also cast the nines out of 563, and 
have a remainder of 4. We multiply these two re- 
mainders 6 and 4 together, and casting the nines out 
of the product 24, there remains 6. 

Now if the work is right, in casting the nines out 
of 195894654, the remainder should be 6, which it 
is in effect. 

These remainders are frequently placed in the 

\ 6y/ the numbers in 
angles of a cross, thus : 6 ^^l| the side angles 

6% being the re- 
mainders after casting the nines out of the two fac- 
tors ; the number in the upper angle the remainder 
after casting the nines out of the product of the two 
first remainders, and that in the lower angle the re- 
mainder, after casting the nines out of the product, 
which last will always agree with the number in the 
upper angle when the work is right. 

The reason of this is as follows : 348567 is com- 
posed of a certain number of nines and a remainder 
of 6, and 562 is composed of a certain number of 
nines and a remainder of 4 : now the nines of the 
two factors multiplied together will produce nines ; 
alsOf these nines multiplied by either of the remain- 
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ders 4 and 6, will produce nines : hence the product * 
of 6 and 4 is the ^Halj part of the total product which 
is not exactly divisible by 9 ; consequeiitlj, the re- 
mainder, in casting the nines out of the product of 
these two remainders, must be the same as the re- 
mainder in casting the nines out of the total pro- 

diictY 

The same property appertains to the number 3^ in 

consequence of its being a measure of 9. 

To prove division in the same manner, we have 
only to recollect that the dividend is the product of 
the divisor and quotient. When the division has 
left a remainder, we cast the nines out of it, and add 
the remainder to the figure in the upper angle, cast- 
ing the nines out of the sum when it excedes nine. 

This proof is not absolute ; for if in the operation 
there should be two errors which balance, or if there 
should be an error of nine, or any number of nines, 
as that would not alter the remainder in casting out 
the nines, we should not discover the mistake. But 
either of these cases is very improbable, and there- 
fore will be very rare in practice. Hence the proof 
by 9 is esteemed a very useful verification. 

For practice, let the examples (art^s. 35 and 48,) 
be proved by casting out the nines. 

50. If a number will divide the whole of another 
number, and one of its parts, it will also divide the 
other part. Now 4 divides 32, and because 32=4 
+44-4+4 +4-f-4-|-4+4, if we take from 32 a part 
which is a certain number of fours, it is plain that 
the remainder will also be a certain number of fours. 
Therefore, if a number, etc. 

51. We have seen (art. 41,) that (8+6+3)4:^ 
32+24+12, that is to say,that68, the product of 17 
X4, is the same as the sum of the products when all 
the parts of 17 are multipled separately by 4 ; con- 
sequently, the quotient 17 of 68-7-4 will be the same 
as the sum of the quotients when all the parts of 68 
are separately divided by 4, that is to say, V+V 
+ V'=a+6+3^17 5 



\ 
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^■"'J+T T"^ 4"^ ^T ^^'^ WjtbiS IS 

general, whatever be the number of parts or th#di- 
visor. Hence, abo, it is evident, tluit if a nunri)er 
divides all the parts of another number, it will also 
divide the whole of that number. 

Therefore, if we divide the sum of several num- 
bers bj any number, the quotient will equal the sum 
of the quotients, when the numbers are separately 
divided by that sam^ number ; consequently, when 
we have several numbers, to divide each by the 
same number, we may add them together, and divide 
their sum by that number^ 

Thus, j+i+|==tbl±?=^j=2i.^ 

TO FIND THE GREATEST COMMON MEASURE OF TWO 

NUMBERS. 

52. A number ia called a measure 09 aliquot part 
of its multiple : thus 3 is a measure of 12. Also, a 
number IS a common measure of all its multiples : 
thus 3 is a common measure of 6, 9, 12, 15> 18, etc. 

A number which is not divisible by any num- 
ber but itself or a unit is a prime number : thus, 
% 3, 5, 7, 11, 13, 17, 19, 23, etc. are prime num- 
bers. Also, those numbers^ whether primes or not, 
which have no common measure greater than a unit, 
are prime to each other : for example, 7 and 8 are 
prime to each other. 

We will now show the method of finding the great- 
est common measure of two numbers which are not 
l^rime to each other, which method also discovers 
whether two numbers are prime to each othex or 
not. This method is as follows : 

First divide the greater number by the less, and 
if there is no remainder the number divided by is 
the greatest common measure. 

if there is a remainder, divide the less nun^ber by 
this rexnajipder, and if this division ^ivqa no remiin- 
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der, the number last divided by is the immb^if 
sov^t. 
^I? there is still a remainder, divide the first re- 
mainder by the second ; and thus we continue al* 
ways dividing the preceding remainder by the Jast, 
till the division becomes exact. 

The number last divided by will be the greatest 
common measare* 

If the last divisor is a unit, the numbers are prime 
to each oth^n 

Note. Numbers which are not primes are called 
composite numbers. 

EXAHFLES. 

1 • Find the greatest common measure of the num* 
bers 4446 and 6498, as directed above, thus : 
4446)6498(1 
4446 

2052)444,6(2 
4104 

343)2058(6 
2052 



The last divisor, 342, is the number sought. 

As 342 divides 2052, it will also divide 4104». 
which is twice 2052 ; but if a number divides all the 
parts of another it will also divide the whole, (art. 
51,) therefore 342 divides 4446, w^hich is the sum of 
4104+342; again, because 342 divides 2052 and 
444C, it also divides their sum, which is 6498, wherci- 
fore 342 is a common measure of 4446 and 6498. 

No number greater than 342 can be a common 
measure, for, if possible, let 343 be a common mea- 
sure. 

Then, because 343 divides 6498 and 4446, it wilt 
also divide 2052, their difference, seeipg that a nurur 

5* 
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ber whic^dividea the wfaok of ano^her^ifcnd one of 
its parts, will abo clividc the other part. .< 

Again, b^ecause 343 divide* 9052, it will I^Ibo di< 
vide 4104, which is twtce 305^. 

Lastly, because 343 divides 4446 and4]04, afid' 
because a number which divides the whole of an- 
other and one of its parts wiH also- divide the other 
part, (art. 50,) 343 will divide their difierenee 34Sr 
which is absurd, therefore 343 is not a common n^ea- 
sure. lu the same manner it mayb^ proved that no 
other number greater than 342 can be a common 
measure of 4446 and 6498. Wherefore 342 is the 
greatest common measure. 

2. Required the greatest common measure of 
3675 and 5880. Answer, 735. 

3. Find the greatest common measure of 23205 
and 31395. Answer, 1365. 

4. Required the greatest common measure of 
4437 and 5899. ^ Answer, 17. 

5. Required the greatest , common measure of 
46503 and 57546. ' Answer, 9. 

TO FIND THE LEAST COMMON MULTIPLE OF SEVERAL 

NUMBERS. 

' 53. When the numbers are prime to each other, 
itiultiply them all together, and the product is the 
least common multiple. 

When the'^numbers are not prime to each other, 
draitr a line underneath, and divide two or more of 
them by the least prime number by which this can 
be done, placing those numbers which cannot be di- 
vided below the line, together with the quotients. 
Divide two or more of the numbers below the line 
bv the same divisor as often as this can be done. 
Having exhausted the first divisor, take for a divisor 
the next least prime that will divide two or more, with 
which procede as with the first. Continue thus till 
the quotients and undivided numbers, that is to say, 
~e numbers below the line) are prime to each other. 
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Las^'^'iffiimi^ flic dhriiOfB ini rensiniog nam* 
bem togiM:^ei^i and ttie product is tbe to»t Gommon 
nraltiple* ., 

■ - '• 

To^ftd the least tdmrnon mirltiple c^ $, 6^ T^and 
14. - . 

I place the mnnbers ttius : 
2)1^,6,7,14 



7)1,3,7, 7 



1^«,1, I 2x7xS=s42 

and haytng (outH that 2 win divide 2, 6, and 14, 1 di- 
vide bj 2, asid have the quotients 1, 3, and 7, which 
I ptace respectiTel}' un'der the figcfres divided: 
also, as 2 will not divide 7, 1 place 7 under the Vine, 
together with the quotients found. Now it is plain 
that no two of the numbers 1 , S, 7, 7, can be divided 
by 2, 3, or 5; but as theire are two sevens, I divide 
by 7, and have the suite, 1, 3, 1, 1, which can no 
longer be divided. Lastly, I multiply the two di«- 
visors and the remaining number 3, which gives 42^ 
for the least common multiple of the numbers 2, 6, 
7, and 14. The three quotients 1, 1, 1, are omitted 
because 1 neither multiplies nor divides. 

That the number found by this method will al- 
ways be the least common multiple of the given 
numbers, will appear from the following illustration : 

If in the above example we multiply the first 
line of quotients,-!, 3, 7, by the divisor 2, we shall 
reproduce the numbers divided ; also, because the 
7 which was not divided is retained, the product of 
the divisor 2 and the numbers 1, 3, 7, 7, will be a 
multiple of all the given numbers. Again, for the 
same reason, the product of the last divisor 7 and 
tlie numbers 1, 3, 1, 1, which is 21, will be a multi- 
ple of the ntlmbers 1, 3, 7,7 ; also, (art. 43, ex, 10^) 
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it 18 evident that if ^1 is a multiple of any number, 
twice 21 will be the same multiple of twice tli^t 
number. Therefor^ twice 21, or 42; is a common 
multiple of the given numbers 2, 6, 7, and 14. 

Also 43 is the least common multiple of the num* 
bers 2, 6, 7, 14, for, if not, let 41 be the least com- 
mon multiple: then, by this supposition, 14 divides 
41 • Now 4 1 =:2.8+ 1 3 1 then, because 1 4 divides 41 
and the part 28, and because any number which di* 
vides the whole ^of another and one of its parts will, 
also divide the other part, 14 will divide 13, which is 
absurd«* Therefore 41 is not a common multiple of 
the numbers 2, 6, J, and 1 4 ; and in the same man- 
ner it may be proved that no^numler less than 42 
can be a common multiple of tbes4 nunibers^ 
wherefore 42 is the least common m.u]ti,ple«.V^. 

The reason why we divide by the prini^ nunibers, 
as directed by the rule, will appear from the follow- 
ing example: 

Required the least common niultiple of 3, 6, 9, 
27, and 54. 

If we precede according to the rule, we fiad 54 
for least common multiple ; but if we take compo- 
site numbers to divide by, thus : 
9)3, 6, 9, 27, 64 

6)3,6,1, 3, 6 

3)3,1,1, 8, I 

1,1, 1, 1, 1 9x6x3=163 
we find 162, which is a common multiple, but not 
the least. 

Let us here observe that iu dividing- by 9 instead 
of dividing by 3, and again by 3, we lose the rcducij 
lion of those numbers which are less than 9, an< 
which are divisible by 3, which is the reason that bi 
this method we do not obtain the least common mulj 
^iple. 
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t. Required the least common multiple of 3, 5, 7, 
4, and 11. ^ Apswer, 4630. 

2. What is the least common multiple of 2, 3, 4, 
6, 7, 13, 14, 21, 2tf, and 42 ? Answer, 84. 

3. What is the least common multiple of % 5,1 0, 
11, and $5? Answer, 110. 

4. What is the least common multiple of 8, 9, 12, 
1 5, 24, and 27 ? Answer, 1080. 

5. What is t}xe least common mutiple of the nine 
digita? ! Answer, 2520. 

54. Let B5 again observe that the two operations 

of niultiplication aqd division destroy the effect of 

24x4 
each other. Thus — -— =24; therefore whenever 

4 
we have a number to multiply and divide by the 
same number, we may spare ourselves the trouble of 
both operations* 

Also, because (art. 4.3) the equimultiples of any 
two numbers contain each other as often as t|ie num- 
bers contain each other, whenever we have to multiply 
a dividend and divisor both by the same number, as 
this will have no effect upon the quotient, we may 

24X4 24 

omit such multiplication ; thus •- =s_=b3^ 

^ 8 X 4 8 ~ 

55. Though, many cbAUges may be made in the 
form under which a mimber is represented, yet no 
change can be rnade in ifa value, wilhout increasing 
or diminishing it. Now we cannot'increase a num^ 
her but by addition or muliipHfiaiioHi neither caa we 
diqrxiniab it but hty st^traction or division i therefore 

' every arithmetical calcqlatioa requires the exercise 
of some or all of tbeae operisktioiiis, for which reasori 
they are styled the fqndamental operations of arith- 
metic . » 
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Questions ON Section 7. 

I. What peculiarity belongs to the number 

nine ? 
3. How do we apply this tb^ prore multipUcati'o^i 

and division? ♦ 

3. h this proof infallible, and if not, why iji. St 
considered valuable as a verification ? ^ * ^ 

4. How do we show that if. a number divide an- 
other and one of its parts, it will also divide ^be 
other part? 

5* What do we observe in lAultiplying or dividing 
a number by another, and in multiplying or dividing 
all its parts separately by that other numberj 

6. What advantage do we derive from this prin- 
ciple ? 

7. What is meant when we say that one number 
is a measifre or aliquot part of another ? 

8* What is a common measure ? 

9. What is a prime number ? 

10. What is a composite number? 

I I . When are numbers prime to each other? 

12. How do we precede in order to find the great- 
est common measure of two given numbers? fix- 
plain the nature of this operation by an example* 

1 3. What will the last divisor be when the aum- 
bers are prime to each other ? 

\ 14. How do we find the least common multiple of 
several numbers which are^prime to each other? 

15. How do we procede wheti the numbers are 
not prime ? Let the nature of this operation be ex- 
plained by an example. ^ - 

16.. Why do we take prime numbers for divisors 
in preference to composite numbers ? 

17. Why do we omit the multiplication of a di- 
vidend and divisor by the same number ? 

1 8. Why are addition, subtraction, multiplication, 
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aod division, called the faodaaiental operations of 

arithmetic ? 

**^ Section 8. 

. 

FRACTIONS. 

- *. 

k 

56. When a single unit of any kind is divided 
ri|rtp any Qumbeir of equal parts, we call any number 
o( tMSft^arts less than the whole a fraction. Also 
any possible quantity less than a unit is called afrac' 
Hon* 

For example, suppose that to measure a quantity 
of grain we choose a bushel for the unit or measure, 
and that^ having found 20 bushels in the quantity, 
there is at last a remainder not soiBSicient to fill 
the buslieK This remainder is a fraction o( a 
bushel. 

To estima^ this fraction of a bushel, we divide 
the bushel or .measure first taken into a number of 
equal parts, suppose 4 : one of these parts we call 
a peck ; then suppose that, taking a peck for the 
unit, we measure the remainic^ quantity or fraction 
of a bushel with this peck, and find that it contains 
the peck just 3 times : we then say that the whole 
quantity of grain contains 20 bushels and 3 pecks- 
No w the fni^tion 3 peeks is Just as much a whole num- 
ber of pecks as SObushel&is a. whole number of bush- 
els ; but when we wish to give the denomination of 
bushel to this fraction, we write it thus, |, and read 
three'fourtks of a bushel, the number under the line 
being the number of equal parts or smaller units into 
which the bushel is divided, and the number above 
the line being the number of these units or parts 
contained in the fraction. Therefore 20 bu^liels 3 
pecks is 20 bushels and | of a bushel, or 20^ bush- 
els. 

Again, suppose that, having found 20 busheb 3' 
pecks in the quantity of grain above mentioned, 
there is still a remainder not sufficient to fill a ^eck^ 
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atid ttetyHrkhiDg to «8lilfl«te Vm bt^Hthu^ a pe6k, 
we divide the peck into 8 equal parts, one <b( tfiAth 
Wd call a quart ; then, taking a quart for the urn/, 
suppose that this unit is c^^tttai&ed in' the above frac- 
tion of a peck 7 times, the whole quantity of grain 
then contains 20 buslwh d'p^ks 7 quarts. As the 
quantity 7 quarts is less than a peck, and as it would 
requite 4 pecks to nuake a hostel, th6 quantity 3 
peeks 7 quarts is therefore less than a bushel, tbatil 
to «By; it is afracHtm of a bUfilieL Now to give ftie 
denomiQAtiR)^ of bushel to this fraietioti 3 ^eckss 7 
quarts, we reduce it all to quarts, to do which, be- 
cattse 8 quarts' nake 1 psck, we say, SX8H*7=b34 ; 
then plvdag 31 over 33,4heiiamber of qtiai^ts te a 
bdsbe^l, we htfre f j* for <ihe fraction of a bushel equi- 
valent to 3 pedss 7 quarts* Tlrerefone the quanfity 
20 buah^ 3 peeks 7 quarts is ^plal to 20|^ bushels, 
that is to say, to 20 bushels and 31 of the parts of 
whidi a bushel ctfotaiDS 33. Hence we «ee that the 
units of which a fi^cttdn is- cotnposed^are frequently 
represented 1^ a wholes number, their sf^ecies being 
in this case detenntiied by a particular name. We 
shall coasidcr them under this form more particularly 
hereafter. 

The fractions 4, |, |, f, f, ^»^, are read one-half, 
twO'ihirdsj ihree-fourtha^ ^pe^ixthsy se'oen-eighthsj 
nine'tenihs^ and other fractions in like manner. 

57. The two numbers whieh constitute a- fraction 
are called the ferine of the fraction. The term above 
the line is called numerator j and that below the liiTe, 
denominator. 

Fractions considered as parts of a unit, are some- 
times called broken numbers , m contradistinction to 
whole imits, which are also sometimes called mfeg'€r^. 
A number which consists of a whole number and a 
fraction is called a mixed number. Thus 5^ is a 
mixed number, of which we say that 5 is the integral 
part and ^ the fractional part. 

Whole and mixed numbers are frequently repre- 
sented under the form of fractions, as we have seen 
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in dtrision, in whicb case they are called improper 
fraedons. 

58. When we consider a fraction as representing 
a certain part of a unit, we conceive that the unit is 
divided into as many equal parts or smaller units a& 
are signified by the denominator of the fraction, and 
that the value of the fraction contains as many of 
these smaller units as are signified by its numerator. 

We easily perceive that the number of parts into 
which the unit is divided must always determine the. 
value of these parts, that is to say, tbaf these parts 
must be greater in prbportioa as their number is less, 
and on the contrary, less in proportion as their num- 
ber is greater ; and: therefore if we make the num- 
ber., of these two, three, four, etc. times greater, 
there must be two, three, four, etc. times as many of 
them to compose the same quantity. 

Let us take, for example, the fraction |, and con- 
sider it as representing one-third of a shilling ; then, 
as the 'sliilKng is 12' pence, and as by the denomina- 
tor 3 we conceive this shilling to be divided intp 3 
equal parts, the value of each part is 4 pence. Now 
if we multiply the denominator 3 by 3, we shall have 
}, that is to say, twice as many parts in the shilling ; 
and, as the value of each of these is only 2 pence, 
we must take 2 of them to have the value of ^, which 
is 4 pence, that is to say, we must multiply the nume- 
rator by 2 as well as the denominator, in order that 
the fraction nfay stilt retain the same value. Thus we 
see that 1^=1 =T*j=5\=Jf, etc., that is to say, that 
thevidue of a fraction is rhot altered when bath its term&f 
are multiplied by the same number* Also, because 
. Tl~/4~TV~l^ii '^^ vahie of a fraction is not al- 
tered when both its terms c^re divided by the same num- 
ber. Hence the sanrie fraction may be expressed by 
an infinity of difierent numbers. 

Again, we may consider the numerator of a frac- 
tion as a whole number which is to be divided by 
the denominator. For example, if we take any of 
the above values of |, and divide the numerator 

7 ' 
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eoDsidei^d as a number of shillings by thedenomi* 
nator, we shall . still have 4 pence for the result* 
fThus^if we take ^Vs because a shilling is equal to 12 
pence, 8 shillings are equal to 96 pence, and |f^4, 
the value of | of a shilling, i^i pence, as befor^. 
Hence we discover that a twenty-fourth part of C 
shillings is the same as 8 twenty-fourth parts of one 
shilling. The fractions |, |f , |^f , may therefore be 
yead, sevtn divided b^ eight, seventeen divided by tmen* 
i^'Onej forty^three divided by sixty-four^ and all other 
fractions, whether proper or improper, in like man- 
»er. ^ 

59. As a whole number divided by a unit is still 
the same, we may always express a whale number 
fractionally by giving it a unit for a denominator; 
ftus 5=f, 6=|, etc. Also, because a number is not 
altered (art. 44) when it is multiplied and divided by 
l^e same number, we may give a whole number what 
denominator we please by first multiplying.it by that 
denominator. For example, if we wouM express 9 
fractionally, and give it 8 for a denominator, we first 
multiply 9 by 8, which gives 72 for the numerator, 
under which we place the denomiBator 8, thus V* 

60. To bring a mixed'number to the form of an 
improper fraction, we reduce the integral part to a 
fraction, halving the same denominator as the frac- 
tional part, after which we add the integral and frac- 
tional parts together. For example, if we would 
express 5| by its equivalent improper* fraction, we 
reduce 5 to an improper fraction, having 4 for its 

5X4 * 

denominator, thus =Y 5 *l^cn (art. 51) we have 

V + 4~V? which is the fraction sought. 

Or thus, considering 5^ as the. quotient of a divi- 
sion where the divisor was 4, we shall multiply this 
quotient by the divisor 4, which (art. 43,) will give 
the dividend. Now, (art. 44,) because |X4=3, 
we say, 4 times 5 is 20, and 3 is 23, which is the di- 
vidend ; therefore, in placing the divisor underneath, 
^u$^ V, we have the fraction sought. The same 
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tirilt apply t6 any other fl^ix^d namber^that is to say^. 
we inay consider ererj^ jnixed number as the result 
of a divison, the divisor of which is expressed bj 
the denominator of its^ fractional part. Let us ol^ 
serve, that 5| is the same as 5+|. 

Examples* 
1. Required the improper fraction equivalent to 

I precede thus: 7= — — = — , (art. 59,) conse- 
quently, 7+1= V+i ; but (art. 51,) 

56^7 56 + 7 63 ,,- . ^.V as 
— +~=— ^ =— , and therefore, 7+^=5 V- 

Let the mixed numbers in the following example^ 
be expanded in the same manner. 

-*• v-g^ — ^ , n-^— ^ Tf , lOjy — Yx » ana o^x#^ 

— TS • 

Now if the young student has iiot expanded these 
jaumb€ip»-«»- tirtfae preceding elitample, I advise him 
to do it before he procedcs farther, and also to re- 
fer to the articles 51 anil 59. 

3. 5i=i^i|±i=^,«ndl3i=H>i£±?=^ 

6 6 5 5 

4. 81='/ ; 25f=lf ; 106TV=ii!2, and 534 H 

5*/98H=»-^; 34if-^,and 50411=:^^. 

61. As the denon\jnator of a fraction determines 
the number of parts into which the unit is divided^ 
and the numerator the number of these parts signi- 
fied by the fraction ; it is evident, (the denominator 
remaining the same,) that if we take 2, 3, etc. times 
the numerator, we shall have 2, .3, etc. times the 
value of the fraction ; and on the contrary, if we 
take one-half, one-third, etc. of the numerator, we 
shall have one-half, one-third^ etc' of the value of 
the fraction. 

p&gain^ (the numerator remaining the same^) if we 
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multiply the denomioator by ^) 3, etc. afl this to 
conceive 2, S, etc. times as maDy parts in the unit, 
the numerator will then signify a number of parts 2, 
3, etc. times leSs than the fir&t ; and consequently, 
4he fraction will signify onIyt)ne-hal^ one-tbirdy etc. 
of its former value : on the contrary, if we divide 
the denominator of a fraction by 2, 3, etc* (the nu- 
merator remaining still the same,) as Uie> value of 
the parte contained . ih the uoit will %e 2, 3, etc; 
times greater than before, the fraction will be 2, 3, 
etc. times greater. Hence the following general 
rule. 

To multiply a [rdiCtiot)\ multiply its numerator^ or 
divide its denominator ^ and to divide^ a fraction, 
divide its numerator, or multiply its denominator, * 

Note. The multiplication, or division of a frac- 
tion by division, is not alwayspracticable; but when 
practicable, it is the most concise method. 

Examples. 

, 3^,^ 3X4 12 ^ 3,,^ 3 8 ^ 
1. -X4= =— ==3, or^X4=-- — -=c-=3. 

4 4 4 ' 4 4-i-4 1 

As 4=f, the expression |X4 is the same as |Xf. 
Hence we see that the product of two fractions is 
found by multiplying their numerators together for 
a numerator, and their denominators together for a 
denominator. 

2 s N/ o — 5 V 3 =^ 1 S — S — . Q 1 • 

or,^X3=-^==-=2^ 

6 6-f.3_2 6 6 _G_2 

3.^3 7 7' '''' 7^ T^^ST"^?- 

• 9 • 9 "^9' ^^' 9 ' 9X4""36 9* 

5 5 

The expression — — is the same as -j, and as we 

6-t-3 ^ "3 

have seen (ex.2,) that this is of the same value as Ys 

ire harn that when yve lia\e «k ^o\^ wvwt&^t to 4i- 
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vide by a fraction, we can express the value or quo- 
tient by a simple fraction, by multiplying the whole 
number by tlie denominator of the fraction for a nu- 
merator, leaving the numerator of the fraction for 

*u A • . rpu 7 63 9 27 13 104 

the denominator^ Thus --=-2- ^ -7=— 5 -t-= — • 

TO REDUCE FRACTIONS TO ^EIR LOWEST TERMS. ' 

62. A fraction is said to be expressed in its lowest 
terms when these terms are prime to each other. 
Thus ^, f 5 yV> ill ^r® fractions expressed in their 
lowest terms ; but this is evidently not the case with 
f J T*i> jfi each of which is equal to ^. 

Wl^en the terms in which a fraction is expressed 
are not its lowest terms, we find the latter in dividing 
the former by their greatest common measure. For 
example, to find the lowest terms of the fraction 
TrV/rr ^ fij^st find the greatest common measure of 
6209 and 11531, (art. 52,) which is 887, I then di- 
vide each term of the fraction by 887, which (art 
58,) does not alter its value, and gives ^^-^ for the re- 
snlt. 

Examples for Practice. 

1 
t > fi''i\'9S — 3. 58 B J, 714 2 ^r\A 10 8 3 . 

Q 3675 5. 4437 281 nnA 5 6 8 3 7 —.5 1 6 7 

-*• 5aB0 8 J 5879 34 U **"** « 9"34 4 FaT^T* 

O 12 9 8 9 3 1. 13 5 4 9 17 « n'H 6P' « __„ 

*^* 1782/T — 'Sa > ITafiTs" — "29} ^"^ 1 'i *z — • 

A 1 4iiS.I==^* 3 nnrl 7 3485 —- 5_ 
^* sstFir — T5T45 ^"" 2TJTy3 — !«• 

In addition to what has been said, we may ob*^ 
sferve, that any even number is divisible by 2 ; any- 
number, of which the sum of the figurcs^ is a multi-- 
pie of 9 or of 3, is divisible by 9 or by 3, (see piroof 
by 9, art. 49,) and any number having 5 or a cipher 
in the place of units, is divisible by 5. See Pytha- 
gorean Table.) 

Tlierefore, when the two' terms of a fraction ara 
even numbers, we may divide them \>oVVi\)i^ ^\ y^^ 
tbe sum of the tigures of each \sdm%v\Ae Vj ^ «^^ 

7* 
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$9 we may imde both by or by 3, accordingly ; 
when the unit figure of each is 5, or when the unit 
figure of the one is 5, and of the other a cipher, we 
may divide both by ^ ; when both terminate with ci« 
phers, we may cut off an equal 'number of ciphers 
from each, as this will still be dividing both by the 
same number ; and lastly, when the terms are nearly 
e<)fial to each other, we may try to divide both by 
their difference, for if this succedes, it is the greatest 
number that will divide both without a remainder; 
and if any number will divide both terms without a 
remainder, their difference is either that number, or 
a multiple of that number. This last we shall illas* 
trate thus: — Suppose that when a fraction is at its 
lowest terms, the difference between the terms is a 
unit, then if we multiply both terms by the same 
number, the difference between the products wiH be 
the number by which we multiply, and will conse- 
quently be the greatest number by which both pro- 
ducts can be divided, otherwise the fraction could 
not have been expressed in its lowest terms. 

Again, when the dffference between the lowest 
terms of a fraction is several units, if we multiply 
both by the same number, it is evident that the dif- 
ference of the products will be as many times the 
number by which we multiply as' there is a unit in 
the difierence 'between the terms; therefore, the 
difierence betvveea the products will be a multiple 
of the number by which both terms were multiplied, 
and consequently, a greater number than will divide 
both. • 

If we would reduce ||m to its lowest terms, I 
subton^li the numerator from the denominator, and I 
bav^ 838 for the difference* Now it is easy to per- 
ceive, that 888 Will divide neither of the terms, be- 
cause no whole number multiplied by the unit figure 
8 will produce either 9 or 7. But if any number wilt 
divide both tertns, 838 must be a multiple of that 
aamher; I tbereifoire divide 838 by 3,And I have 419, 
bjr which number I try to divide botbi terms; the 
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division succedes, and gives me || ^t tbe tmns 
souebt. 

iTet notwithstanding what we have btre said, and 
all that might farther be said upon Uiissubject, of all 
methods for finding the least terms of a fraction, that 
of dividing both terms hj their greatest common 
measure is the most promfft and certain. 

to RSDUCE FBAOTIONS HAVING DIFFERENT DENG- 
MINATOES TO EQUIVALENT FRACTIONS HAVING A 
COMMON DENOMINATOR. 

&3* When the denominators are prime to each 
other, we multiply them together, and take their 
product, which is their least common multiple, for a 
eiHiimon denominator. 

For the new numerators, we take each numerator 
as often as its denominator is contained in the com- 
mon denominator \ or, which is the same thing, we 
multiply each numerator into all the denominators 
except its own, and placing the several products over 
(he common denominator, we have^ the fractions 
sought. 

For example, if we have |, 4, and | to reduce to 
equivalent fractions having a common denominator, 
we precede thus : 

3 X 7 X 5 = 1 05 common denominator. 
Then 2X7X5=70 new numerator for §• 

5X3X5-^75 new numerator for |. 

3 X 7 X 3=63 new numerator for |- 
and placing each new numerator over the common 
denominator, we have jVyj tVt> and yVj for the 
fractions required. 

In multiplying the three denominators together, 
we have evidently multiplied the denominator of 
each fraction by the product of the denominators of 
the other two ; but we have likewise multiplied the 
numerator of each fraction by the same product; 
We have therefore multiplied the numerator and de- 
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nominator of each fraction by the same number, 
which (art. 58,) does not alter its value* 

Therefore, the fractions tV?> ttsj and tVsj are re- 
spectively equal to the fractions |, f , and |, and 
they all have the same denominator as was required; 

'£xAUPLESi 

1. J, I, and f are equivalent to Jf, ^o^ and ||. 
2i f , I, and 4, are equivalent to |f |, i}|, and f^. 
*^' T> ^) Ti a"^ TT> are equal to ^^r^^, 2T7^j 2TTtJ 
and jijTs* 

4. I, t'7> and j%, arc equal to, x'tVj, ttVV» and 

8 33 

5. tV, tV and if, are equal to i^, |f?f,and 

3 4 70 

64. When the denominators are not prime to each 
other, we find their least common multiple, which 
we take for a common denominator. After which, 
having placed the fractions by the side of each other, , 
and drawn a line underneath, we divide the common 
denominator by the several denominators of the 
given fractions, placing each quotient below the line, 
and under the denominator which gave it. Lastly, 
we multiply the two terms of each fraction by the 
corresponding number below the line, and we have 
fhc fraction^ sought. 

Note. We need not multiply each denominator 
by the number below the line, because we already 
know the result. 

For example, to reduce f , I, J, and y*^ to a com- 
mon denominator, we place the fractions thus : 

2 3 7 5 

33 T» Jl T-F 



^ 



16 12 6 8 

and having found (art. 53,} that the least common 

multiple of the several denominators is 48, we take 

ibis number for a common denominator. We then 

seek how often the denomVnatoi oi e^^Vv fraction is 

cvDtained in 48, the commou deuomv^^^Vot'^^^^Vi'^iNvxiJ^ 
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found the quatieots 16, IS,^, and 3, wa place each 
of these under the denominator whidi gave it. 
Lastly, inultiplying the two terms of each iiraction 
by the corresponding nnmber belaw the line, we 
have ^1, II, iff and H for the required fcactions. 
"^ Because we have multiplied the two terms of 
each fraction by the^iame number^ the value of eacb 
is not altered, (art. 5B.) Therefore, the fractions 
ih II) ih ^ H are equivalent to the given frac- 
tions, and they have a cominoa denoHiinator, as was 
required. 

As no number less than 48 will contain each of 
the denominators a. certain number of times, it is 
evident Ihat the least common multiple will in all 
cases be the least possible common denominator. 

By tbMnet bod given in tbe preceding article, we 
should have had 1536 for the common denominator, 
attd consequently |f|.|, x|||, |.||.^, and yV/71 for 
the required fractions, which indeed are of the same 
value as the former, but would be found much less 
commodious in calculation. Hence we easily per- 
ceive 4tye advantage of finding the least common de- 
nominator. 

Examples. 
^ f J jh and j\, are equal to ||, If, and f f . 
2* h h Hj and Ji, are equal to ^y 4f , ^|, and 
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3. Ir I, h h and t\, are eqwal to ||, Jf, ^^^ ^\, 
and f|. 

4. h h \h ih and fj, are equal to |f , if, |f , 
f I, and ||. 

5. 1, 14, ih and If, are equal to Hf, |||, |||, 
andiH- , 

QUESTIONS ON SECTION 8. 

1. What is a fraction? 

2. How is a fraction expteft^ed.^ 
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3. Are the ttnits composing ^ fraction sometinnes 
represented by a whole number ? Give an example. 

4. What general name do we give the two num- 
bers which constitiite a fraction ? 

5. What is the particular name of each term?;^, 

6. Why are fractions called broken numbers ? * 
. 7. What is meant by the word integer? 

8. What is a mixed number ? 

9. What name do we give to a whole or mixed 
number when represented under the form of a frac« 
tion ? 

)0. Why does the ^alue of a fraction still remain 
the fame when its terms are both multiplied, or both 
divided by the same number? 

1 1 . By what difierent methods can we estimate 
the fraction f of a dollar, and in what tilher way 
may this and other fractions be read ? 

12. How may the same fraction be represented by 
different numbers? 

13. What general denominator do we give to 
whole numbers in representing them as fractions ? 

}4« Ib- what wayAio we represent a Whole num- 
ber by a fraction, having any denominator that we 
please? 

1 5. How do we bring a nrixed number to an im- 
proper fraction? 

16. What is the general method of multiplying a 
fraction by a whole number? By what other method 
can we sometimes do this? 

17. When both these methods are practicable, 
which is the most concise ? 

1 8. What is the general method of dividing a frac- 
tion by a whole number, and when can this be done 
by division ? 

19. When this can be done by either method, 
which do you prefer, and why? 

30. How is . a whole number divided by a frac- 
tion? 

21. When is a fraction said to be expressed in its 
lowest terms? 
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22. When the terms of a fraction are not prime 
to each other, how do we reduce this fraction to its 
lowest terms ? - 

23. How do we reduce fractions having different 
denominators to equivalent fractions having a com- 
mon denominator, supposing the denominators to be 
prime numbers, or prime to each other? 

24. How do we procede when the denominators 
are hot prime to each other ? 

Section 9. 

ADDITION Oi FRACTIONS. 

65m When the fractions to be added have a com- 
mon denominator, we add ail the numerators, and 
place the sum o^er the common denominator. The 
fractioii thus formed i» (art. 51,) the sum of the 
given fractions. Thus ^4*t~T' 

But when they have not a common denominator, 
we must first reduce them to a common denominator, 
(art. 63 or 64,) because (art. 25,) we cannot add 
units of ^ different kind to each other, after which 
we procede as before. For example, to find the sum 
of h h ^^^ 7) ^ ^^^ reduce these tractions (art. 63,) 
to a common denominator^ and I have f |, f |, and 
||. Then (art. 51,) to find thcTir'sum, I say, 11+ 

j|+i3=^l±||±l!==:6r=i||. Wherefore, the 
sum of -J-, I, and ^, is 1 1|. 

Examples. 

189+140+216 

^' ? ro" » T a 52 •^25 3 • a^52 ORQ 

Hence the sum of J-, f , and |, is ^sVs' Let th& 
expressions in the following examples be expanded 
in the same manner. 
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2. |+4-i'V'T=|+|+5*— ^' =lff=iHi.,. 

The letters a, &, c, represent the new numerators^ 
and d the common denominatoif. 

3. (Art.64.) t+|-t*=»i*+«+H=^^^ 
5. i+f+/r+*f=f («rt. 62.) Al80,TV+f+ 

ADmrtON (^ MIXBD NUMfBERS. 

66. Mixed numbers may "be added either by first 1 
changing.tbem to improper fractions, and then pro- 
ceding as in the above article^ or by first finding the 
sum of the integral parts, then that of the fractional 
parts, and lastly, the sum of these two su^». 

Examples. 

I. To add) 5^ 6 1, and 7f together, I procede 
thus: Si=V; 6|=y> and 7|=V. (art. 60;) 
therefore, 5H-6i+J|=V+Y + V=V + V + V 
=M±^±£i=!i'=i-9|, 'Or thus, 5+6+7=18. 

the sum of the integral parts i then i+^ + f =f +| 

4+6+5 
+f=t — -J— =y=l|, the sum of the fractional 
8 . 

parts; and lastly, ]8+l|=]9|, the sum total,asbe- 

. fore. 

The student may pursue whichever of these two 

l^k no^hods seems most convenient according to cir- 

"^^ ^^fmstances. The one is also a very good proof of the 

oilier. 



I 
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2. 9f+It4!3| +fVr=8. 
■ 3, 10li+315f+i|=417H. 

4. ,4|+5i-Mf +12J=24tVt. 
5,^+x2r+8l+19HH-62f=9lTVVV'' 

' - - • , . 

$UBtRACTION OF FRAqTIONS: 

67-* When thd^ given fractions have a common de- 
noipinator, we subtract the numerator of the one 
firom the numerator of the other, and place the re- 
maioderover the common denominator, tha8^-^4^ 
4* Bat when thi^ have different denominators, we 
first reduce them to a common denominator, (art. 63 
or 64,) because (art. 27) we cannot subtract units of 
a dtfiereot order from each other, after which we 
'^Tocede aa^ before. 

Examples. 



1 . .-».Li4- t8-l4 ^^ 

^» T 3~tT ST oT" ^r* 

2 5 i.==S.s — "^^ 16 
V t 6— "f T— ¥5- ^ TT' 

^« T*-^9~TfT"~lTT; yj\ TTT» 

A 5 3 — 11. 7 4:3-3 anrl^^ s — ^3 

^•. F — ¥ — ^T > T 6 ?0> «*"" Ta 9 — 8 6* 

« 16 3 7. 5 « 201 «nH 1®3 1 

^^ 5 1 iT~"'TT> T3 ITT — TTTs^* **M" 140 2 



2 
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SUBTRACTION OF MIXED NUMBERS. 



68. If the fractional parts have different denomi- 
nators, we first reduce them to a common denomi- 
nator; we then write Ihe less mixed number under 
the greater, and having drawn a line underneath, 
we subtract the numerator of the lower fraction 
from that of the upper one, placing the remainder 
over the common denominator for the diffe^e^c<i cvC 

8 
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the fractions. Lastly, we find the difierence of tbe 
whole numbers as usuaf. 

But when tbe numerator of the iower fraction is 
the greater of the two, we subtract it from the sum 
of the terms of the upper fraction, and having placed 
the remainder over the common idenominator, we 
carry one to the unit figure of the tower number, 
and precede as usual. 

Examples* 

1. If from 7| I would subtract 2^, I procede as 
follows: I first find that j. and | are eqotvatent to 
/j and If ; I then place the numbers under each 
other, thus : 

^H 
and because 24^7, 1 reduce a unit (art. 59) to fifty- 
sixths, and add it to the 7 fifty-sixths. Now as the 
denominator 56 shows how many parts we conceive 
in the unit, (art. 58,) I shall have just as many to add 
to the 7 as are expressed by its denominator; I 
therefore add the denominator itself to the 7 and 
subtract 24 from the sum ; or, which is the same' thing, 
I say 56—24=32, and 32+7=39, whicb I place over 
the common denominator. Lastly, having added a 
unit to the upper number, I also add a unit to the 
lower number, saying 1 and 2 is 3 and 3 fronri 7 
leaves 4r If we add the same number to each of two 
given numbers, their difierence (art. 28) is still the 
same : 4|f is therefore the difference between 7| 
and 2|, 

We may also reduce the mixed numbers to impro- 
per fractions, and perform the subtraction as in the 
preceding article. Thus 7|=V> and 2^=y; 

therefore 7i-2^=V- V = \V- VV=^^~^ 
=W=4||, as before. 
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7 4' 

Or thas, || and H are equivalent to |ff and ||f , 
then from lOHff 
. we take 94fff 

and have Trt? '^r the remainder as before. 

Here tIt'H i ^^ therefore do not add a unit to 
either of the numbers, as in the preceding example, 
3. To sutoaet 94111 from 101, 1 place the num- 
bers thus ; 

101 ^ 

94if| . 



^m 



and, as there is nothing above |f |, f subtract it from 
a unit, and carr^a unit to the 4, as in the first exam- 
ple. Now in reducing a unit (art. 59) to a fraction 
whose denominator shall b& 195, 1 shall al^o have 195 
for the numerator ; btl> this is the same as the deno- 
minator of the fraction |f| ; I therefore subtract the 
numeratojr of this fraction from its owq denomina- 
tor, and placinu the difference 30 over the denomi- 
nator, I have ^% or {htL 62) y^y for the difference 
between Iff and a unit : after which, carrying.a unit 
to the 4 and subtracting, I have 6 ; wherefore 6/^ is 
the difference between the given numbers* 

The same may be applied to all similar examples. 

Note. The difference between a fraction and a 
unit is called the complement of that ffaction, thu^ 
y\ is the complement of |f . 

4. I5|— 3J.=Uf and 15f— lU=a3|. 

5. 9H-6i=2JV and 9n-2^;,=6|. 

6. 28|-r.9H=18|and 2a|— 18J=5=9H. 

7. 65TV~i9|2=455VV and 9—4^=44. 

8. 10l-6T\=94Haud 154 — 14^f=^«^, 



1 
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- 9, 1043tV— 65tV=^78/,V Prove this aod the 
succeding example both by addition and subtractioo. 

10. 3171yV— »80/r=2190ff. 

MULPLICATION OF FRAGTifi^Md. 

69. To find the product of several fractions, we 
multiply all the numerators together for a nei^ na- 
merator, and all the denominators together for a new 
denominator. The fraction thus formed is the pro- 
duct of the given fractions. 

For examplcvif we have f to multiply by |, we 
shall first multiply | by 2 ; to effect which, we multi- 
ply th^ numerator 3 by 2, (art. 61,) and we have | 
for the product. 

" But I is the same (art. 58) as a third part of 2, 
and it is easy to perceive that, in multiplying by a 
third part of 2, the product should be just ^ of the 
product that we have in multiply!^ by 2; the pro- 
duct I is then just 3 times the true product; we 
must therefore divide | by 3, to efifect which, (art. 
61) we multiply iU denominator 4 by 3, which 
gives tV^^^ ^^^ quotient. Wherefore -f^ or ^ is the 
product of I multiplied by §• The operation is in- 
dicated thus: 

3X26 1 

4X3'"12~'2' 

Or, to multiply | by f , we shall first multiply | by 
2, to do which (art, 61) we divide its denominator 4 
by 2, and have f for the product. Now this product, 
as has been shown above, is just 3 times the true 
product : we shall therefore divide ,| by 3, to effect 
which (art. 61) we divide its numerator by 3, which 
gives ^ for the product of f multiplied by |, as be- 
fore. This operation is expressed thus : 

1 
»X^_1 

Jx5^2' 
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Tbe reavonitig hene applied to two fractions will 
eTfdentiy apply to another fraction and their product, 
and consequently to the multtf^cation of any num- 
ber o^ fractions. 

Let us observe that, in multiplying by a fractio&i 
we not only perform a multiplication but^lso a divi- 
sion, and that the number by which we divide is al- 
ways greater than that by which we multiply ; hence 
the quantity which is multiplied by a fraction, in- 
stead of being increased, is always diminished. 

Again, to multiply the fraclioos ^, |, f, and | to- 
gether, having seen above that the product of any 
number of fractions is found by multiplying their nu- 
merators together and their denominators together, 
the multiplication of the given fractions is indicated 
thus : 

The lines drawn through the numbers 3, 4, 5, show 
that they cancel each other, that is to say, because 
the value of a fraction (art. 58) is not altered when 
both its terms are multiplied by the same number, 
the value of \ would not be altered if both its terms 
were multiplied by the product of 3X4X5. We 
therefore omit the multiplication of these numbers, by 
which means we save ourselves the trouble not only 
of this multiplication, but also of reducing the final 
product to its lowest terms. 

Hence we may always cancel a numerator and a 
denominator when they are alike, because this is the 
same as to divide the tyro terms of the fracti<mal 
product each by the same number, which (art. 58) 
does not alter its value. But if all the numerators 
become cancelled, we shall have a unit for the nu- 
merator o/ the product, because any number divided 
by itself gives a unit. It is the same with the deno- 
minators. 

It is easyto perceive that we may dividea nume- 
rator by a denominator, or a denominator b^f «. tsM^ 

a* 
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merator ; also that a numerator and a denominator 
may both be divided by the same number \ be<:au8e9 
in either case, the effect will be the same as to divide 
each term of the product bv the same nymber« 
Thus, to multiply yv by f 4 • 

2 

±^=? 

3 

Having indicated the multiplication by the sign 
into, as usual, I find that the numerator 9 of the first 
fraction will divide the denominator 27 of the se- 
cond ; also that 13, the denominator of the first, will 
divide 26. ttie numerator oif the second : 1 therefore 
divide, and have f for the product. 

Now if we multiply the numerators together and 
the denominators together, we have ||^ for the pro- 
duct; and, reducing this product to its lowest terms 
by dividing ^ach term by th^ difierence between the 
two, we have | as before. 

Examples. 

1. iX#X|=f|,and|X|XH=f- 
?• *Xf X|}=i, and tXHXf J=^ 

3. fXVrXH^I.and tfX|XH=/Trv 

4. |Xf X|x jXH=Kand ^VXHXH=UH- 

5. iX^Xf XiVXlfXH^oYA- 

MULTIPLICATION OF MIXED NUMBERS. 

70. We have seen (art. 61) that to multiplj a 
fraction by a whole number, or, which is the same 
thing, a whole number by a fraction, we multiply the 
whole number and the numerator of the fraction to- 
gether, atd divide the product by the denominator. 
Thereforct) to multiply 53 by 5f we precede thus : 
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53X5=265, and 53Xf=^^^=— =19|: &«n 

36d+19^3s384|, which is the product. 

Or, r^ddciug 5f to an improper fraction, thus : 53 
X5f =^-X^«^*=284f, as before. 

Again, if we have 53f to multiply by 5, we pro- 
cede thus: 53X5=265, and |X5=— ^=— =1 J: 

then 265+1^=2661, which is the product. 

Or, reducing 53| to an improper fraction, thud : 
53|.X5=^Xf=^=-266}, as before. 

Hence, if we have 15| to multiply by 5f, we may 
precede as follows : 

*15| 

5f 



Product of 15X5 75 

- — — of|X5 3|orVV 

of 15X| 13|or/y 

- OI ^Ay ar 

Total Product 92 Vy 

Or, we may reduce the given numbers to impro- 
per fractions, and multiply as in the preceding arti- 
cle, thus, 15|X5|= V X y^^-r^ 925^1 as before* 
This method is generally the most simple. 

Note. We can always give a whole number a 
unit for a denominator, and precede with it as with 
a fraction. 

EIXAMPLBS FOR PRACTICE. 

,1. 24X|=16; 36Xf = 27; 42X|=35, and42X 
4=36. 

2. yVX2|Xi=',and {X4X14=7V 

3. |X3t''tX2JxH=6]st> and 331 xi 01^360. 

4. 627HX45^=2882H, and 27|X 16=444, 
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5. 94^X77H^7304t||, and 69tVX 39^=2707 



4 9 
T5* 



71. Fractions of fractioos are cMed compound 
f radians. Thus | of | ; ^ of f of }, etc.^are com- 
pound fractions. 

We have seen (art. 69) that to multiply f by | is 
to take \ of twice | ; it is therefore (art. 58) id take 
twice the third part of |, or f of |. Therefore the 
expressions | of | ; i of | of | ; | of | of 9, and 
all similar expressions, signify/ nothing else than the 
product of the quantities contained in them. Thus 
^of fof 9=iXfXf=|. 



DIVISION OF FRACTIONS. 



72. To divide a fraction hy a fraction^ me invert the 
fraction which is the divisor^ and multiply the fraction 
which is the dividend by the divisor thus inverted^ 

For example, to divide ^ b) | we invert the frac- 
tion I, which becomes f , after which we multiply ^ 
by I, as has 1)een taught, (art. 69,} and we have | for 
the quotient of ^ divided b^ |. The operation is 
indicated thus: i-4.|=:iXf =|. 

We shall easily perceive the reason of this rule, 
as follows : 

In multiplying the denominator of j- by 2, we have 
}, which (art. 6i) i^ the quotient of | divided by 2: 
but the divisor | is a third part of 3, (art. 58,) and 
it is evident that, in dividing b^ a third part of 2, the 
quotient should be just 3 times the quotient that we 
have in dividing by 2; we must therefore multiply ^ 
by S, which is done in multiplying the numerator 1 
by 3, (art. 61.) Therefore f is the quotient of j^ di- 
vided by f. The same reasoning will apply to any 
two fractional numbers. 

73. When either of the given numbers is a whole 
number, we write it in the form of an improper frac- 
tion, by gij^ing it a unit for denominator. AlsO; 
when there are mixed numbers, we reduce them to 
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imprope^r fractions. Foif example) to divide 4 by f , 
Hire write f^=*fXf=ar<*=4f. 

To divide 87' by 6^, we precede thus: 87-^6^^ 

Also, if. wi^ have 7f to divide by 3*1, we procede 

thus: 7f^3| = V-^Y=V XT*7=m=»e = tH. 

74« When there are compound fractions, we re- 
duce them to simple fractions, that is to say, we find 
the product of the quantities contained in them, 
which product, if ad improper fraction, we leave in 
the form of a fraction, after which we procede as 
before* 

For example, if we have | of | to divide f of 9|, 

3X5 3 
we procede thus: | of f =- — o^o* ^^^^^ ^^ ^i^ 

V, f of 91^4 of y=i^^:=:^.\nd lastly, |h- 
Y =1 X jV=Tyf» the quotient sought. 

Examples for Practice. 

1. f^4=6t; yV*-tV=36, and 100-4-7^=5000. 

2. f-^2=|; f^|==|, and |-r-f =3. 

3. H-^|=iH, and T^r^i of {=||. 

4. i of ^j'r^ of f of 2=27Vt- 

5. 758H.4.83TV=3|Hn. , 

6. 1436J-t.62=23y'W. 

7. 37296-j-3|i=95^22J|. ^ 

8. 1436J-r-23TVir=62. 

OF THE DIVISION OF A WHOLE NUMBER BY THE 
FACTORS OF ANOTHER WHOLE NUMBER. 

75. When the divisor is a composite number, and 
is the product of two numbers, neither of which ex- 
cedes twelve, we first divide by one of the factors of 
the divisor, and then divide the quotient by the 
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other, whicb q^iethod ip iteiieraily more eo<ieiae?lhaii 
that of dividing by th^ who^Q divisop atofice* 

For eiample, if we have 16^369 U> di?Mte by 45f 
as 45 is the product of 9X5, we first divide by otie 
of these fa^cttfrS) (no matter which,) and ,the;Q by the 
other, as follows : 

5)165369 

9)3307.^ 



3G74|+yV 
Having divided by 5, the quotient is 33073^. 

Again, in dividing the integral part of this quo- 
tient, which is 33073, by 9, we have 3B74|; and io 
dividing the frACtionat part ^ by 9, we have ^V (^^* 
61.) We have therefore 3674^+7^ for the final 
quotienl. 

But to have only one fraction, we shall add the 
two fractions I and ^^j together. Now the denomi* 
nator of the fraction I is the second divisor, and the 
denominator of the fraction ^^^ is the product of the 
two divisors ; consequently, as 9 is contained in 45 
as often a& is expressed by the first divisor^ Io reduce 
I to a fraction, whose denominator shall be 45, we 
must multipi> the numerator 7 by the first divisor 5, 
which gives |f, after which, adding the two fractions 
If and j*j toi^ether, we have |f for the sum. The 
numerator 39 of this sum is compoj^ed of the last 
remainder 7 multiplied by the first divisor 5, plus the 
first remainder 4 ; the denominator 45 being the 
product of the \mo divisors or whole (dumber divided 
by, and it is ea^y to see that the same wiU be the 
case whatever be the two remainders, or the num- 
bers divided by. Hence we have the foUowii^ ge- 
neral rule : ~ 

When there are two remainders, multiply the last 
remainder by the first divisor, and to the product add 
the first remainder; under this sum write the pro- 
duct of the two divisors, and reduce the fraction, if 
necessary, to its lowest terms. 
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The same o^enatioo performed according to this 
rale, will stand thos : • 
6)165369 

9)38073 . . 4 

— V. 7X5+4 ^,,^,. 
3674 . . 7 r 45 4T--tf- 



3674 }i Quotient. 

It is evident that 3674|| is the quotient of 165369 
divided by 45, or the forty-fifth part of 165389, be- 
came in taking | of }, we have ^\. (art. 71.) 

When there is bal one rematnder, it is easy to 
perceive that if this belongs to the first division, it 
will take the product of the two divisors for a de- 
nominator; and that if it belong to the second di- 
vision, it will take the second di?isor for a denomi^ 
nator. 

Examples for Practice. 

1. 237543-f-25=950m. 

"2. 768539-4-54 = 1423^21 J, ^ 

3. 5970509-5-63=94769||. 

4. 1 084624.^56 = l9368f. 

5. 21165897-4-49=:43l957,V 

6. 99392745-r-35 =28397924. 

7. Divide 169281735 separately by each of ihe 
numbers 24, 32^ 36, 48, 81, and find the difference 
between the sum of the quotients and the dividend. 

Answer, 146619403|||. 

QUESTIONS ON SECTION 9. 

1 . How are fractions added when they have a 
common denominator? 

2. Upon what principle is this rule established ? 

3. How do we add fractions which have not a 
common denominator ? 
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4. Why must ffttctioBS bft^e a cjOfnmon denomi- 
nator before we can add them ? 

5. By what difierent methods are mixed nombers 
added? 

6. When two fractions hitve a common denomi* 
nator, how do we subtract tire one from the other? 

7.. Upon what principle is this rule established? 

8. How do we procede when the denominators 
are different ? 

9. Why must the fractions have a common de- 
nominator before we can subtract the one from. the 
other? . ^ 

10. What different methods are thereof snbtnact- 
ing mixed numbers, and which do you prefer? 

11. How do we multiply fractions together ? 

12. Why do we procede thus? Let this be ex- 
plained by an example. 

13. What is meant by cancelling? 

14. Upon what general principle is this establish- 
ed? 

15. W^hat two operations are always implied in 
multiplying by a fraction ? 

16. Why is a quantity always diminished when 
multiplied by a fraction ? 

17. By what different methods arc mixed pqmbers 
multiplied, which do you prefer, and why ? 

18. What are compound fractions, and how are 
they reduced to simple fractions? 

19. How is one fraction divided by another ? Let 
the nature of this operation be explained by an ex- 
ample. 

20. What operations are always implied in divi- 
ding by a fraction ? 

21. Why is a quantity always increased when di- 
vided by a fraction ? 

22. How do we divide mixed numbers: also, 
when one of the given numbers is a whole number? 

23. When we have divided a whole number by 
the two factors, of another, and have two remain- 
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ders, how do we fi&d the true remainder ? Let the 
reason of this be explained bj an example. 

24. Haw do we precede when there is but one 
remainder? 

^ 25. How do we prove that this method of divi" 
diog will alwajs give the true result 2 

Section 10. 

DECIMAL FRACTIONS. 

76. The term decimal is derived from the Latin 
word decern^ which signifies ^en, and is therefore ap- 
plicable to that which is numbered by tens. 

Hence the basis of the numeration of whole num- 
hers is decimal, because we conceive that each of 
the units of which any figure towards the left hand 
is composed, contains ten units of the next order 
on the right of it. 

Pursuing this idea, we consider the single unit as 
being composed of ten smaller units, which consti- 
tute another order on the right of the units. 

The units of this order are called tenths, because 
each of them is ^V ^f ^ ^^'^ ^^^ ^i*^ represented in 
the same manner as whole units. But that the units 
and the tenths may not be confounded with each 
other, a comma is placed on the right of the units. 
Thus, to express/or^y-^^re units and three tenths, we 
write 45,3, and retid fortt/'Jive and three tenths* 

Again, we consider the tenth as being composed 
of ten smaller units, which constitute another order 
on the right of the tenths. The units of this order 
are called hundredths, each of th^m being yV of t o? 
or ^i^ of a unit. Thus the number 45,34 signifies 
forty 'five units, three tenths, and four hundredths* 
JButas 3 tenths are equal to 30 hundredths, we read 
forty 'fivezxiA thirty four hundredths. The figures on 
the right of the comma are those which we call de- 
cimals, those on the left always retaining the name 
of whole numbers or integers. 

9 
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Continuing tbas to coneider the miit of each or- 
der as conlaiuiDg ten units of the next order on the 
right hand, we eonceite an infinitj of diflereot or- 
ders on the right of the comma. These orders, be- 
ginning with the tenths and procedtng towai'ds tte 
right hand, are called fen^A^, htmdrtdths^ih&mandtks^ 
ten^thousandths^ hundred'th&mandths^ millionthSi ten- 
miliionths^ hundredrmilliorUhs^ bUlionths, etc. 

77. The decimal figures on the right of the com- 
ma are always read in the same manner as whole 
numbers ; but after reading them we pronounce the 
name of the decimal units of the last order. For 
example, to read the number 643,643, (always tie- 
ginning with the units of the bigtiest order,) we say, 
six hundred and forty-three, and six hundred and 
forty-three thausandihs* 

We shall easily perceive the reason of this rule 
by observing that the 6 which is in the place of 
tenths, is equal to 60 hundredths, because every unit 
in the place of tenths is equal to ten hundredths ; or, 
it is equal to 600 thousandths, because every hun- 
dredth is equal to ten thousandths: for the same 
reason, the figure 4 in the place of hundredths is 
equal to 40 thousandths. Therefore, the number 
643 on the right of the comma being composed of 
6€M) thousandths plus 40 thousandths plus 3 thou- 
sandths, is 643 thousandths ; and the same reasoning 
will apply to any number of decimals. 

78. When there are no integers, a cipher is placed 
on the left of the comma. Thus, to express twenty- 
five hundredths, we write 0,25. 

Also, when any of the intervening decimals is 
wanting, its place is supplied with a cipher. Thus, 
to express five hundredths, we write 0,05 ; to express 
five thousandths, we write 0,0Q5, etc. 

Because a figure standing in any place towards the 
left hand is ten times as great as if it stood one place 
farther to the right, we perceive that the value of 
eadi decimal figure is determined by its distance 
from the comma. 
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If we write 0,35^ 0,05, and 0,005 as vulgar fmc- 
tioiii, we have f^y^ xf t» ttyt • h^nce we easily dis- 
cover that the decimal figores^ or those on the rifsfat 
of the comma, may always be considered as the no- 
merator of a fraction, whose denominator i» a unit 
followed by as many ciphers as there are decimal 
figures. Therefore, in order to change a decimal 
fraction to its equivalent vulgar fraction, we have 
only to give to the decimal figures the denominator 
signi6e4 by the concluding word in reading them, 
that is to say, a unit followed by as many ciphers as 
there are figures on the right of the comma ; At the 
aame time, omitUng in the numerator the ciphers, if 
any, which are found between the comma and the 
first significant figure, because these only serve to 
determine the proper value of each figure, by show- 
ine how far it is removed towards the right hand. 

Reciprocally, when a decimal fraction is given in 
the form of a vulgar fraction, to express it in its en- 
tire form, we must place the .numerator on the right 
of a comma, so that there m^y be as many decimal 
figures as there are ciphers following the unit in the 
denominator. For example, to express ttVtt iti its 
entire form, because there are four ciphers following 
the unit in the denominator, and only two figures in 
the numerator, two ciphers must be placed on the 
left of-75, that is to say, between 75 and the comma ; 
we therefore write 0,0075. 

What we harve iust said greatly facilitates the wri- 
ting of decimals, K>r, as the concluding word in read- 
ing a decimal fraction alway.^ shows what its dano^ 
roinator would be if expressed as a vulgar fraction, 
we have only to write the number preceding this 
word as a whole number, and place the comma on 
. the' left, so that the number of decimal figures may 
equal the number of ciphers following the unit in* 
the number signified bj the concluding word. For 
example, to write uinety-five-mi/Zton^A^, I first write 
^5 as a whole number:; then, as theeoncludiijg word 
shows that the denominator of the fraction would be 
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1000000, and as this number contains six ciphers, I 
write four ciphers on the left of 95, and pre&ing the 
comma, I have 0,000095 for the required decimal. 

79. The value of decimal figures is not altered 
when we place ciphers on the right of them. Thus 
0,25 is equal to 0,250, or 0,2500, or 0,25000, etc. 
and this is evident, in the first place, because these 
expressions are equivalent to //^j tVoVj toV/o> 
TimrWf 6t<^* And because* (art. 58,) a fraction is not 
altered when both its terms are multiplied by the 
same number ; and lastly, because the value of each 
figure is (art. 78,) determined by its distance from 
the comma. Hence, ciphers which are found on the 
right of a decimal fraction may be omitted. 

80. As the value of edch figure, whether integral 
or decimal, is determined by the place in which it 
stands towards the right or Jeft, that is to say, by its 
distance from the comma, it is evident that, in any 
number containing decimals, if we' remove the com- 
ma one or more pTaces^owards the right or left, the 
value of the number will be greater or less accord- 
ingly. 

For example, if we take the number234,567, and 
if, in removing the comma one place towards the 
right hand, we write 2345,67, it is evident that by 
this remove, the hundreds have become thousands^ 
the tens hundreds, the units tens, the tenths units, the 
hundredths tenths, and the thousandths hundredths ; 
that is to say^f the value of each figure is ten times 
its former value, and consequently the number is 
multiplied by ten. Therefore, in removing the 
comma two places towards the right, we shall multi- 
ply by a hundred ; in removing it three places, by a 
thousand, etc. 

Again, if we take the same number 234,567, and 
if, instead of removing the comma towards the right, 
we remove it one place towards the left, thus 
23,4567, it is evident that by this remove the hun- 
dreds have become tens, the tens units, the uniti 
fentbsj etc. and therefore ^9 each figure is only one- 
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tenth of its former value, the number is only one- 
tenth of its former value. Hence we perceive, that 
to divide by 10, 100, 1000, etc. we have only to re- 
move the comma one, two, three, etc. places to- 
wards the left. 

Let the following numbers be expressed in 
words. 



4. 7,08017. 

5. 91,002009. 

6. 310,1*06^203. 



1. 0,235. 
3. 0,7089. 
3. 0,61^789. 

7. 70019,0d70(j3ll. 

8. 0,(J03458(J275. 

9. 3O375,OO(to2Ol067. 

10. 0,8f30200(}©2i031*17U]l f 132569. 

Let the following numbers be expressed in figures. 
(See art. 78.) 

1. Nine units and twenty-seven thousandths. 

2. Six hundred and three units and ninety-five 
ten-thotisandths* 

3. ^Eighteen units and twelve thousand six hundred 
and four millionths, 

4. Ten thousand and twenty-five ten-millionths. 

5. Five millions sixty thousand and eleven bil" 
lionths. 

6. Forty millions six hundred cnits, and ninety- 
seven thousand three hundred and fifty-eight hundred- 
millionths. 

7. Sixty-four billions, forty-two ihillions, eleven 
thousand and seventeen hundred*biilionths. 

S|. Change nine units and twenty-seven thou- 
sandths to millionths^ and say how much the number 
is lessened by this change. 

9. Change five hundred and four units and sixty- 
seven ten*^thousandths to hundred-millionthSf and say 
how much the number is lessened by this change. 

10. Write the number seven units, thirty-six thou- 
sand and twenty-five millionths,,SLnd say bow much 
this number would be diminifibed by changing it to 
hundred'biUionihs. 

9* 
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ADDITION OF DECIMALS. 

81. As the unit of any order, whether on the 
right or left of the comma, contains ten units of the 
next order on the right of it, we add numbers con- 
taining decimals, or decimals alone, in the same 
manner as whole numbers ; that is to say, we add 
units of the same kind to each other, and for every 
ten in the sum of any order of units, we carry one- 
to the next order on the left. 

Note. In placing units of the same order under^ 
e^ch other, the commas will always stand under 
each other. 

For example, if we would add 54 ; 75,2 ; 95,56, 
and 0,273 together, I write the numbers under each 
other so that units may be under units, tenths under 
tenths, etc. thus : 

54,0 
75,2 
95,56 
0,273 



225,033 
I then procede as usual, but having added the tenlhd, 
I place the comma on the left of the figure which I 
write down ; or, which is the same thing, under tiie 
other commas. Having added the whole, 1 have 
225,033 for th6 sum. The work is proved by add- 
ing both ways. 

Examples tor Practice. 

1. 376,3+5,674+0,23+150=532,204. 

2. 0,36+0,536+789,3+1,16=791,356. 

3. 373+25,25+0,789+236,1+5,4=640,539. 

4. 0,234+0,5+0,567+0,462+0,0005=1,7635. 

5. 532,204+791,356+640,539+1,7635 =1965,- 
8625. 

The scholar may, if he i^\e^%e%^ ^rove this last 
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Ijl^ample ^by adding the several numbers which com* ' 
pose the fo.ur preceding examples. 

SUBTRACTION OF DECIMALS. 

82. To subtract numbers containing decimals, we 
place the less number under the greater, so that 
units of the same order may be under each other ; 
after which, we subtract as in whole numbers, taking 
care to place the comma on the left of the tenths, 
or under the other commas, as in addition. 

When one of the given numbers has more decimal 
figures than the other, we may render the number of 
decimals the same in each, by placing as many 
ciphers as are necessary on the right of that number 
which has the fewest decimals, which (art. 79,) will 
not alter its value. 

For example, to subtract 78,358 from 80,3, 1 write 
the numbers according to the rule, thus : 

80,300 
78.3j8 



1,942 
^ter which, I subtract as usual, and placing Ibe com- 
ma on the left of the tenths, 1 have 1,94*2 for the 
remainder. Let this and the succeding examples 
be proved both by addition and subtraction. 

Examples for Practice. 



.f 



1. 652,34—58,603=593,737. 

2. 1009,3— 9,6389te=999,6611. 

3. 711,823—70,9=640,923. 

4. 21000— 0^5001=20999,4999. 

.5. 1—0,99951807324=0,00048192676. , 
\ 6. What is the difference between the sum of the 
answers to the five preceding examples, and one 
hundred thousand ? 

Answer. Seventy-six thousand seven hundred and 
sixty-six units and seventeen billvoiva, ^v^lVitjxAx^^ 



f 
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and fift/-OQe miHioas, eight hundred and seven thou- 
sand three hundred and twenty-four himdred-bil' 
lionths. 

MULTIPLICATION OF DECIMALS. 

33* We perform the multiplication of numbers 
containing decimals as if they were whole numbers ; 
but in the product we separate on the right hand by 
a comma, as many {^res as there are decimals in 
both the factors. ^ 

For example, to multiply 7,54 by 6,3, 1 place the 
numbers without any regard to the commasj thus r 

7,54 
6,2 

1506 
4524 



1 



46,748 
and having multiplied as usual, and proved the work 
by casting out the nines, I separate three figures for 
decimals in the product, because there are three de- 
cimal figures in the two factors. 

Because 754 is 100 times the given multiplicand 
7,54, we easily perceive that in taking 754 any num- 
' ber of times, the product will be 100 times the pro- 
duct which we should have in taking 7,54 the same 
number of times. 

Again, because 62 is ten tiriies the given multi- 
plier, 6,2, in multiplying by 62 we have ten times 
the product which we should have in multiplying by 
6,2. 

The product 46748, which we find in multiplying 
thQ given numbers, as if they were whole numbers, 
is therefore 10 times 1 00 or 1000 times the true pro- 
duct; we therefore divide this product by 1000, in 
separating three figures on the right hand by a com- 
ma, (art. 80,) that is to say, we separate as many of 
i be right hand figures oiv^he \|rodiicta8 there are 
decimal iigures in both tVie CacXouv 



ELEUJiSfTS OF ARITHMETIC* 105 

When the number of figures in the product is not 
so great as the number of decimals in both factorsi 
we place as many ciphers between the figures of the 
product and the comma as will complete the number 
required bj the rule. 

For example, to multiply 0,1 7 by 0,5 : 

0,17 
0,5 . 



0,085i 

Having multiplied the number 1 7 by 5, we have 
1f5^{or the product. But if we apply the same rea- 
soning as in the preceding example, we find that be- 
cause 17 is 100 times the given multiplicand, and 
because 5 is ten times the given multiplier, the pro- 
duct 85 is 1000 times the true product. The true 
product is therefore 85 divided by 1000, which (art. 
80) is the same as 85 thousandths ; we therefore 
write 0,085. 

By vulgar fractions tWX^t^tHfit* 

Examples for Practice. 

1. 0,153X0,82X0,017=0,00213282. 

2. 7,813X3,69X2,17 = 

3. 11,917X1261,4X2,84= 

4. 0,05418 >< 4,816X75,15 = 
5mv1926,48 X 1 73,4 X 1,632= 

DIVISION OF DECIMALS. 

84. We have seen, in the above article, that the 
product must have as many decimals as are contained 
in both factors. Now in division the dividend is the 

!>roduct of the divisor and quotient, (art. 45 ;) there- 
ore, in the division of numbers containing decimal 
parts, the divisor and quotient together must contain 
as many decimals as are contained in the dividend. 
When the figures of the dividend are insufficient 
to contain those of the divisor, place any number of 
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cipbenL at pleasure i|9 decimals on the r^ht of the 
divii^tod, which (art. 79) will Dot alter its value ; 
then divHte as in whole numbers, and separate b^ a 
comma a humber of the right hand figures of the 

Juotient equal to the number by which the decimal 
gures of the diridend excede those of the divisor. 
Should the number of figures in the quotient be 
less than the number by which the decimals of the 
dividend excede those of the diTisor, supply the de- 
fect by placing a sufficient number of ciphers be- 
tween the figures of the quotient and the comma. 
Fot example, to divide 0,&54 by ^9896 : .^' 

298,6)0,654000(0,00219+ 
6972 



5680 
S986 

26940 
2S874 



66 
As the figures of the dividend are not sufficient to' 
contain the divisor, I place three ciphers on the ikht 
of the former, which ciphers (art. 79) have no emct 
upon their value. I then divide as usual, and have 
219 for the quotient. Now because the dividend 
(which is the product of the divisor and quotient) 
contains six decimals, and the divisor but one, there 
must be five decimals in the quotient; but as this 
quotient contains only three figures, I place two ci- 
phers between these and the comma : 1 have there- 
fore 0,00219 for the quotient of 0,654 divided by 
298,6. As there is a remainder, it is eMV to per- 
ceive that this division might be carried farther by , 
annexing more ciphers to the dividend* The quo- 
tient is Sierefore somewhat too small, for which rea- , 
son the sign 4* js placed on the right of it, to show 
that something more-migbt be added ; but as the last 
BgurCf 9} signifies hundred thousandths, and as the 
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nest figure, if (he diraion were contioued, woilld be 
a ctpber, the quotient 0,00219 h not a n^illioath of 
» imit less than the trae quotient "^ ' 

The Goiteefoess of the operation may be proved 
either by multiplication or by casting out tiie nines* 

Examples for Practice. 

1. 0,0658-^-3256=0,000020208+ 

Ciphers which are placed between decimal figures 
and the comma, serve to determine the value of 
tSese figures, by showing their position towards the 
ri^ ; but as we divide the different orders of deci- 
mals in the same manner as whote numbers, we take 
no notice of sach ciphers, whether in the dividend 
or divisor, till we count the number of decimals in 
each, in order to determine the place of the comma 
in the quotient. 

2. 0,654-7-0,00219=298,6301 + 

3. 0,654-4-0,0021 91 =298,4938+ 

4. 637,5-4-8,5=75, and 63,75-5-0,85=75. 

5. 23-5-0,71875=32, and ||=3,8125. 

6. 149,1 7 i-^0,496= 300,75. 

7. 63261-4-64,8=976,25. 

8. 52095,10857-r^358,49=8,193. 

9. 3,141593-4-0,7854=3,9999+ 

85. When the number of decimals in the dividend^ 
and divisor is the same, we may suppress the cocama 
in both, which will not in any respect alter the quo- 
tient; because if each* of them contains one, two, 
three, etc. decimal figures, in' suppressing the com- 
ma (art. 80) each of them will become 10, 100, 
1600, etc. times its former value, and {art. 43) the 
quotient is not altered when the dividend a^nd divisor 
..>a¥e both multiplied by the same number. 

Also, when one of the given numbers contains 
• more decimals than the other^ we can easily render 
the number of decimals the same in both, as inisub- 
traction, (art. 82.) ^^' 

For example, to divide 234,9 by 3^31 ^^sl iVv^ ^v^v 
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8or containa two deciniak aod the divid^fid but .oue, 
I place a cipher on the nght of 9 tenths in the Hvi- 
dend, which (art. 79) does not alter its value; Jhave 
then 334,90 to divide by 3,31, or, suppressing the 
comma in both, 33490 to divide by 331 • 

331)33490(70|H 
2317 



320 
Having performed the division, I have 70|||^ for 
the quotient. 

But as the object of decimals, wherever thej are 
used) is generally to avoid the use of vulgar frac- 
tions, we shall continue the division, by annexing ci- 
phers, as follows : 

831)23490(70,966+ 
2317 



3200 
2979 



22 JO 
1986 



2240 
1986 

254 
Having found the integral part of the quotient, as 
before, I place a comma oA the right of it, after 
which 1 reduce the remainder 320 to tenths (see re- 
mark 25) by placing a cipher on the right of it, and 
dividing these tenths by 331, I have 9 tenths for 
the quotient, which I place pn the right of the com- 
ma. 1 then reduce the 221 tenths which remain to 
hundredths, by placing a cipher on the right, and di- 
viding these hundredths by 331, the quotient is 6 
hundredths, which 1 place on the right of the 9 
4lgnths ; and in this manner the division may be con- 
tinued without end. 
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Ifaving contkitied ^ dhrfiiion to tlfrec places of 

.decknats, We ha^e 70,960 for the quotient, that is to 

say, we hare 0,966 instead of the fraction |f f. The 

5|Uotie&t 0,966 is evidently less than ^fae value of the 
ractioD |}f, bat as the last figure of this quotient 
signifies thousandths, it is not the thousandth part of 
a unit less. Now, though we cannot obtain in deci- 
mals the exact value of Hxije^ it is easy to per- 
ceive that by eontinuin| the division we can find the 
value of this fraction within any assignable quantity. 
Again, if we have 0,0065 to divide by 0,73, having 
rendered the number of decimals equal in these two 
numbers, and suppressed the comma, we have 0065 
or 65 to divide by 7300. 

7300)65,000(0,008904 + 
58400 



66000 
65700 



30000 
^ - 29200 

800 

J3ut three ciphers must be placed on the right of 
the dividend before it will contain the divisor. 
Now it is evident that 65 units are equal to 650 
tenths, 6500 hundredths, or 65000 thousandths, etc. ; 
therefore, ns we divide 65000 instead of 65^ we 
must (art. 25) consider the dividend as being reduced 
to thousandths, and consequently thequotientfigure 8, 
^ which we find in dividing these thousandths by 7300, 
signifies thousandths. Hence we easily determine 
the place of the comma, after which we continue 
the division at pleasure, as in the preceding example. 

Because (art. 43) the quotient is not altered when 
the divisor and dividend are both divided by the 
same number, if We divide 650 by 73 we shall have 
the same quotient that we have in dividing 65000 by 
7300 : therefi>re, having first determined the \(taAe 

10 



no ELEMENTS OP ARITHMETIC. 

of the comma, ^e may always omit any nuni^r of 
ciphers oo the right of the divisor, 

E^^icriiEs FOR Pragtice* 

1^ 194^0»358=l94000-r'358=54H|i. 

2. 9,318—8242=0,00113+ 

3. 21,4^0,536=39,92537+ 

4. 0,?673^39=0,006^?5384615 + 

OUE&TIONS ON SECTION 10. 

i. Whence do we derive the term decimal, and 
to what is it applied ? 

2. Is the nuoieration of whole numbers decimal ? 
How is the unit divided in ofder to form the parts 
called decimals ? 

3^ How do we distinguish decimals from integers? 

4. What are the names of the different decimal or- 
ders, and how are they arranged ? 

5. What do we place on the left of the comma 
when there are no dectmaJs ? 

6. How do we write five thousandths ? 

7. How do we express decimal fractions in the 
form of vulgar fractions ? 

8. How do we write a decimal fraction in its pro- 
per form which is written as a vulgar fraction ? 

9. How do we precede in writing decimals gene- 
rally ? 

10. Why do decimal figures retain the same value 
when ciphers are placed on the right of them ? 

11. How do we determine the value of any parti' 
cular decimal figure ? 

12. If in a decimal number we advance the com- 
ma one, two, three, etc. places towards the right or 
left, what is the effect ? 

13. How do we place decimal numbers under 
each other in order to add them, and why thus ? 

14. When the numbers are so placed, how are the 
coitkmsis situated? 
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• < ... 

15. Why do we carr^ a unit'to the next order for 
ef^ry tim which we find ia the sum of any order o( 
decimals, just as in whole numbers 2 - 

16. To sqiftraet one decimal number from an- 
other, bow da we place the numbers, and why ? 

17. How does it happen that we procede in the 
same manner in the subtraction of decimals as in the 
subtraction of whole numbers ? 

18. How do we multiply decimal numbers ? 
Id* Go we regard the comma in multiplying? 

20. Haw do we place the c,omma in the product, 
and why ? Let this be explained by an example. 

21. How do we place the . comma when the num- 
ber of figures in the product is not so great as the 
number of decimals in both factors ? 

22. How do" we divide . decimal numbers^^ sup- 
posing the divisor to be greater than the dividend ? 

23. What must be observed with regard to the 
comma ? 

24. Why must the divisor and quotient together 
coDtaiQ as many decimals as are contained in the di- 
vidend? 

3d. How do we precede when there are ciphers 
between the comma and the significant figures of the 
divisor ? 

26. Why is the sign plus sometimes placed on the 
tight of the quotient ? 

27. How can we suppress the comma in the divi- 
sor and dlvrdend before we commence the opera- 
tion? 

28. How does it appear that by this method we 
shall always obtain the true quotient ? 

".i 
Section 11. 

* « 

• 

86* A vulgar fraction is reduced to a decimal 
fraction in dividing the nujnerator by the denomina- 
tor, as above. 

Now this is the same as to reduce the given 
vulgar fraction to another, whose denominator (art* 
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7B) shall be ohe pf flie Mmber& 10, IQO, 1000, etc. 
" Wherefore, if the deoompnatar of the given ffaeiiftii 
be not an ali(|aj»t part of one of the ni»fnbQi» IQ, 
100, lOpOy etc. we cfi^Qiu>t obtain the exact value of 
this fraction in decimals, thoo^ we can (art» 83)ap* 
p roach as near to it as we please- 

Examples* - 

1. T0 &nd the value in decimalSoof tte fraction 
^ we divide the numerator by the denominator, 



8) 

thus: 



8)5,000 



^ 0,625 
As there is no remainder, 0,635 is the elact value 

of f . 

2. i=0,25; i=0,5; |=:0,75, and |r=0,375. 
3- If =0^96923076+, and ^ =0,3333, etc. 

87. When the vakie of a fraction cannot be exactly 
eipressed in decimals,we find, by sufficiently extending 
the division, a periodical return oftbesaiae figures in 
the quotient. Thu8,in findii^ the va^ue of -f^^ we have 
0,6363, where in continuing the division the figures 
6 and 3 will succede each othef^ without end. The 
reason of this will appear evident, as follows: the 
remainder must be one of the numbers 1, 2, 3, etc. 
but cannot equal the divisor ; therefore, if we have 
a different remainder at each division, we cannotper^ 
form as many divisions as there are units in the divisor 

^without falling upon some remainder that we have 
had before, i|i which case the quotient figures will 
return in the same order* 

88. If we subtract 9, 99, 999, etc. from 10, 100, 
1000, etc. the ren^inder will always be a unit. 
Therefore, in dividing a unit by % di, 999, etc. the 
only significant figure in the quotient i^ill be a unit* 
Thus we see that 4=60,1111; tV'^'OjWOIj 7^== 
0,00100ij etc. * 
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Now we may coiiiiiier the periodicar decicQal frac- 
tion 0,6363 as the prodtict or 0^0101, etc. multiplied 
bj63. But Oy010I,etc. is eqaal to ^V T ^^I'^^^i'c 
0,6363, etc. is equal to ^^ multiplied by 63, that is 
to say, to If. 

In the same manner we shall find that any period- 
ical decimal fraction is- equivalent to the vulgar frac- 
tion of which the numerator is a' single period, and 
the deDomtnator as many nines' as there are figures 
iatbe period. Thu0, 0,568568, etc. is equivalent to 

5 6 8 

It frequently happens that the period does not 
coQBmence with the first decimal figure, in which 
case we consider the figures on the left of the period 
aa units, and writing the vulgar fraction equivalent 
to the period on the right of these units, we reduce 
the whole as a mixed nuniberto its equivalent impro- 
per fraction. We then place as many ciphers on 
the right of the denominator of this improper frac- 
tion, as there are decimal figures betweei^ the period 
and the comma. 

For example, if we would reduce 0^325656 to its 
equivalent vulgar fraction, as the period is equal to 
If, the fraction 0,325656 is equivalent to 0,32f |. 

Then suppressing the comma, and reducing 32|| 
taan impropjer fraction, we have^ff^. But in sup- 
pressing the comma, (art. 80,) we render the num- 
ber 100 times its former value ; wc must therefore 
divide '-fP by 100, which is done (art's. 33 and 61,) 
. in placing two ciphers on the ri^ht of llie denomina- 
^ tor 99. We* have therefore HH for the fraction 
equivalent to 0,325656, etc. 

To distinguish the period with facility, if it con- 
tslins only one figure,, a point is placed over this 
figure; also, if it. contains mor^ figures than one, it 
is distinguished by two points, one of which is placed 
over the first figure, and the other over the last«> 

10* 
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1. 61=ff, orU»andO,8i«xV 

4. 0,63258=H|f. 

B9. Decimals enable us to fioil, by BniIUpitefli6«y»^ 
in a very expeditious manner^ this quotient iitf tmy 
number divided by 5, or by any of those numbers in 
which 5 is (he only factor. 

For example, to divide 3§4e78 by 5, we find Ike 
quotient by multiplication as fotlows. In dividmg <a 
unit by 5, vire have 0,2; and conscqireDtly in dividing 
394678 by 5, we shall for every unit ra the diyidedd 
have 0,2 in the quotient. The quotient is therefore 
0,2 X 394678, or 78935,6. 

Again, if we would divide 394678 by SX&jOr 25, 
we have only to multiply by 0,2X0,2, or 0,04, 

For, in order to divide the given number by 25, 
we have only (art, 75,) to take | of J of it. But i 
of } is the* same (art. 58,) as ^% of y^, and conse* 

3uently(art.71,) the same as ^f 7. Therefore, tb 
ivide 394678 by 25 is the same as to take t^tf ®f '^: 
that is to say, (art. 71,) the same as to multiply it by 
tK> ^^ (^''*' 7^0 ^y Ofi4. Therefore, the quotient 
2^4P=394678 X(>,04=15787,12, 
Thus we may form the following table* 
To divide by 5 we multiply by 0,2 

25 ^_. 0,04 

125 ^ 0,008 

— ^ 625 ^->— . 0,001^ 

__ 3125 — 0,06032 

15625 — — ^ 0,000064 

etc. etb. 

Where the whole numbers are formed by the con- 
tinual multiplication of 5, and the corresponding de- 
cimals by the continual multiplication of 0,2. 



90.. m lae^iifa (tfili^4ir,^ittm^s»lt^^ 

of aaj two QumWa 19^ j^ijpd W^^M them, the 
quotient is the other. ETut the product o^ any two 
corresponding numbers in the above taUe is a unit, 
wherefore, in dividing a unit hj any of the decimal 
numbers, we shall have the corresponding whole 
number for the quotient. 

Hence we discover, that to multiply a number by 
any of the nuqnbers 5, 35, 125, etc* we have only to 
divide by its corresponding decimal. 

For ekainple, if we have 34t9S to multiply by 
1 25, we divide Mll9^ by 0,008^ according to article 
85, and we have ^^^^^^ =4349000 for the required 
product. 

91. A number is called abstrmt when it is not ap- 
plied to any particular species of quantity : thus, 
wbjin we say 3, or 3 times, the number 3 is abstract. 

92. When the number is applied to a particular 
species^ as when we sa; 3 books, 20 bushels, etc. it 
is then called a concrete number. 

d3. Hitherto we have treated of numbers only in 
an abstract manner ; but we shall shortly consider 
their applicatfon to the. measurement amd valuation 
of quantities. \ye have already observed (art's. 2 
and 3,) that to measure a quantity, we must compare 
it with some known quantity of the same kind, which 
is called a unit. Now as quantities differ in their 
nature and magnitude, the units or measures to which 
they are compared vary accordingly. 

94. A jiumber which is made up of units of differ- 
ent magnitudes, is called vIl compound number. Thus, 
6 pounds 15 shillings and 6 pence is a compound 
number, because the pound differs from the shilling, 
and each of these differs from the penny. 

The following tables will show what relation the 
different units by which we usually measure quanti- 
ties, have to each other. 
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FEDERAL MONEY OF TB« UNll:*ED 

'"'^ STATES OF AMERfCA. 

2Q miliS) m. Biake- } cent, c* 

10 cents, 1 dime, idf. 

IQ dimes, or 100 center 1 dollar j,^. 
10 dollars, 1 eagle, £. 

J^OTE.'— ^Accounts are kept in dollars and cents. 

BRITISH MONEY. 

Accpunis are kept in England, Ireland, Canada, 
and some parts of the West Indies, and formerly 
were in the United States, in pounds, shillings, 
pence, and farthings ; but the value of these deno- 
minations is very different ia those countries. . 

4 farthings, qr. make ; 1 penny, d. from denarius. 
12 pence 1 shilling, s. — - solidus* 

20 shillings 1 pound, jC. — lUfra* - 

The farthings are wriiten thus. ; 

i one farthing. 

^ two farthings, or halfpenny. 

I three farthings^ 

The words denarius^ solidus^ and libra^ are Latin, 
ani signify penny, shilling, and pound, respectively. 
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24 

36 

48 

60 

72 

84 

96 

108 

120 

132 

144 
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2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 



d. 
20 
30 
40 
50 
60 
70 
80 
90 
100 

110 
120 
130 
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TABLE OF Sli^UNGS. 



S.. £ 8. 


s. 




£ St 


20 - 10 


80 




4 


30 - 1 10 


90 


«t 


4 10 


40 - 2 


100 




5 


50 - 2 10 


120 




6 


60 - 3 


150 




7 10 


70 - 3 10 


200 
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TROY WEIGHT. 


• 


'» 


24 grains, gr. make 


1 pennyweight, dwt. 


20 pennyweights 


1 ounce, 


oz. 




12 ounces 


1 pound. 


lb. 


. 



Goldf Silirer, and Jewels, are weighed by this 
weight, ' , 

APOTHECARIES WEIGHT. 



20 grains, gr. mak0 

3 scruples 

8 dracnms 
12 ounces 



1 scruple, 9. ^•-^-^ * 

I drachm, 3 • <^ ^ : 

1 ounce, 3* i^l'f.vf^ 



1 pound, ft. 

Apothecaries mix their medicines by this weighty 
but buy and sell by Avoirdupois. 

AVOIRDUPOIS WEIGHT. 



1 ounce, oz. 
1 pound, lb. 
1 quarter, qr. 



16 drachms, dr. make 
16 ounces, 

28 pounds _^ , ^.. 

4 quarters, or 112 pounds, I hundred wt^ 1:20^ 

20 hundred weight 1 ton, 7. 

By this height are we%h^ ^I tbii^ of a coarse 
and drossy nature. Groceries, Chandler's wares, and 
allmetals, except Gold and Silver* 
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NOtfc. 

A Fa^t of Steel, is 1 20 tt>. 

A Pother of Lead ^ 19 cwt. Q qrs. 

A Stone of Iron, Shot, o** ^ 1 4 tk 

Horseman's weight, ) 
A Stone of Wire 10^ ft. 

A Barrel of Beef or Pork 200 ft. 

A Barrel of Flour ; 196 1b. 



LONG MEASURE. 

'•--Mo lines English, or 12 lines) , . . . 
French, ^ make J 1 tnch,«.. 

12 inches 1 {oot,/i. 

3 feet 1 yard, y J. 

5^ yards, or 16| feet I rod ar pole, />. 

' 40 poles 1 furlonf;,/wr. 

8 furlongs, or 1760 yards 1 mile^ Jul 

3 miles 1 league, L. 

60 Geographical, or 69^ ) j ^^ ^ ^ 

Statute miles, nearly ) & » e 

360 degrees, or 25000 miles, nearly the etrcumfe* 
rcnce of the Earth. 

NOTE- ^ 

A Fathom is 6 feet, and is used for Nautical mea- 
surements* 

A Hand is 4 inches, and is used to measure the 
height of horses. 

The Surveyor's, or four pole chain, is used to mea- 
sure distances. 

7,92 inches make 1 link.' 

100 links, 22 yards, or 66 feet, 1 chain. 

80 chains 1 mile. 

• Long Measure is used where length only is consi- 
dered. 
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CLOTH MEA^SURE. 



i,l*.A 



3^ incheS) m. make 1 nail, n. a^^^ch^^ 

4 nifjls 1 qr. of a yard, qr. 

4 quarters ; 1 yard, yd. 

^\ quarters, or 10 nails, 1 ell Hamburgh^E. J7. 

3 quarters. 1 ell Flemish, £. F* 

5 quarters \ . 1 ell English, £. £. 

6 quarters 1 ^11 French, £. Fr. 

The name of this measure bespeaks its use. 

■*■ \ ■'- • 

LAND, OR SQUARE MEASURE, 

I44' square inches make 1 square foot, S, Ffw\ r^ i 

9 feet lyardyj^df. ,^^6 

30| yards 1 pole> P. * 

40 poles in length, ) f « j d 

^j 1 • u J4.U 5- X rood, ic» 
and 1 in breadth, 5 

4 roods, or 160 poles, 1 acre, 4» 

640 acres 1 mile, m. 

The Surveyor's, or Gunter's chain of 100 links, is 
used to measure land: — 25 links make 1 rod, pole, 
or perch; 10 square chains make 1 acre. 

Note. This measure ri33pects length and breadth. 

SOLID, OR CUBIC MEASURE. 

1728 solid, or cubic inches, make 1 cubic foot, C.F; ? . 

27 feet 1 yard, F. > 

40 feet of round, or 50 feet ) . . \p 

of hewn timber 5 *^<^n» ^• 

Firewood, 8 feet long, 4 broad, ^ t m /i r 

and 4 high, or 1 28 cubic feet J * ^°^^» ^' 

By Solid Measure are measured such things as 
have length, breadth, and depth. 
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. LIQUID MEASURE. 

2 fit^ipts. make 1 quart, jf. 
4 quarts 1 gMon, gaL 

31} gallons '. ,1 %9Ltpe\,mL 

42 gallons ' 1 liefce, >zer, 

^3 gallons 1 bogsbtgad, hhd. 

d4 gallons 1 puQcbeon^jnm. 

3 hogsheads, or 126 ^OOB, 1 pipe or%uft,j[^. b. 

3 pipes, or 393 gtflmiVt ^ ^^9 31 

Brandy, spirits, Cider^ yifi€^r, Molasses, Oil, 
etc. are iioieasored |np th«5 iiiea8ure« Hbo^issold 
bj the pound, avoirwipoa. 

331 cubic inches make a gallon, and 10 gallons 
make an anker. 

cd4y MEAStJRE. 

3 pints, pts.tn^ke 1 quart, ^^ 
8 quarts 1 peckf p* 

4 pecks 1 busfael, bush. 

36 bushels 1 efaaldfon of coal, cft« 

The diameter of a Winchester bushel is 1 B} inch- 
es, and its depth 8 inches. This measdre is applied 
^ to dry articles, such as Com^ Fruit, Seed; Roots. 
Salt, Sand, Oysters, Coal, etc* 

TIME* 

^^ . 60 seconds, fee. make 1 minute, m. 

VI 60 minutes 1 hour, &• 

' ' 34 hottra I day, d. 

7 days 1 week, w. 

4 weeks 1 month, mo, 

13 months, 1 day, and 6) , _ t ,. 

hour., or se/days 6r»«<*'»'«°V''^"^""' 
hours, > year, 1. 
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Note* The- odd su^ J^ours are not reckoned till 
they amount to a day; a corririfion year, therefore, 
conQsia of 3^ day s^ and. every fourthi or leapyear^ 
of3e«. ' 

The year is also divided into twelve calendar 
months, which, in i^umber of days, are Ufii^qualy as 
follows : . 

1st month January hath 31 days* 

2d H February 28 — 

3d ^ March 31 _ 

4th April . 30 — 

5th May 31 — 

6th June 30 — 

7th 4gly 31 — 

8th A\igust 31 — 

9th — — September 30 -— 

10th October 3I — 

11th November 30 — 

12th Decemiber 31— 

Or, Thirty days hath ScfJlctoa-berj 
April, June, and November ; 
The other months have thirtyi-ODe, 
Except the second monlh alone, 
Which has ;|>ut:twenty*ejght iafme^ 
Till le^p-f ear gives it twenty-nine. 

When the year is exactly divisible by 4, it is the^^ 
leap-year, in which thef secctid -month (February,) 
has 29 days- 

CIRCMLAR MOTION. 

GO seconds ('').make 1 prime, or minute^ \ 
60 minutes 1 dfegree, ^. 

30 degrees 1 s^n, s. 

12 signs, or 360 degrees, make the whole circle 
of the Zodtac. 
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A TABLE, 

Showing the value of the American and Sp<^ish Dol- 
lar in the currency of ihe different States and Bri* 
. tish Dominions* 

^itk Maine, 
«— Massachusetts, 
■ — New- Hampshire, 

— Vermont, 

— Rhode Island, 

— Connecticut, 

— Virginia*, 

— Kentucky, 

— Tennessee, 

— New-York, *} 

— North Carolina, j 

— New-Jersej, 
¥ — Pennsylvania, 

— Delaware, 

— Maryland, 

— South Carolina, 
— Georgia, 

• f — Canada, 
-% J — Nova-Scotia, 
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PRACTICE TABl.ES. 



Aliqttot parts of a Shilling. 


Aliquo 


d. s.. 
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6 - ^ 


56 


.4 - ^ 


28 


3 . i 


16 


2 - i 


14 


H - i 


8 


1 . tV 


■ .7 



Cwt. 



1 

2 
J. 

4 

JL 

8 
1 

I 4 

1 6 
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^ Aliquot ptMs of a Po&nd. 
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4 To&ie of Coins which pass eurrent in the Unittd SkUes of ^orth 
America^ with their Sterling and Federal value. 
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Standing Weights. 



Sterling Money of 
Great Britain. 
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A TABLE OF DIFFERENT FOREIGN COINS. * 



France. 

12 Deniers 1 Sol^ 
20 Sols 1 Livre, 

3 Livres 1 Crown. 

Italy. 

12 Deniers 1 Sol, 
10 Sols 1 Livre, 

5 Livres 1 piece of 

[eight at Genoa, 

6 Livres. 1 do. of 

[Leghorn, 
6 Solidi 1 Gross, 
24 Grosses 1 Ducat. 



PORTUOAL. 

400 Reas 1 Crusadoe, 
1000 Reas 1 Mill-rea. 






Holland. 

8 Pennings 1 Groat, 
2 Groats 
6 Stivers 
20 Stivers 



1 Stiver, 
1 Shilling, 
1 Florio or 



2| Florins 
6 Florins 1 



ffiailder, 
I Rix 



] 5 G.aHders 



Doll. 

[mish, 
i Ducat. 



Denuark. , 

16 Shillings 1 Mark, 

6 Marks A Rix Dollar, 

32 Rustics 1 Copper Dollar, 

6 Copper Dollars 1 Bm Dollar. 



Russia. 

18 Pennings 
3Q Gros 

3 Florins 

2 Rix Dollars 

Spain. 

4 Marvadies Vellon, or 
^ 2j- Marvadies of Plate, 

8^ Qoartas, or 
34 Marvadies Vellpn^ 
16 Quartas, or 

34 Marvadies of Plate^ 

8 Rial of Plate, 
70 Riaf of Plate, 
$ I'iaitiies^ 



1 Gros, 
1 Floi'in, 
1 RixDolJar, 
1 Gold Ducat. 



1 



1 Rial Vellon, 

iRfal of Pkte, 

1 Piastre, 
1 Dollar, 
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The a^ue of some ^Foreign Coins^ etc. in Federal 
Momi/ydsestahti^kedbi/aldteMct of Congress. 

''''' ■''•'*. 'f:^-'" : :'• Dls. Cts. M. - . 

'Pound Sterlings 
Poiind of Ireland) 
Pagoda of Tndia, 
Tale of China, 
Mill-rea of Portugal^ 
Rubfe of Russia, 
Rupee of Bengal, 
Guifder of Holland, 
Mark Banco of Ham* 

burgh, 
Livre of Fraiice, 
Rial Plate of S{)ain, 

95. The calculation of compound numbers often 
requires the conversion of units of a certain kind to 
units of a different kind, which operation is called 
reduction* 

i9G. We convert units of a higher, to units of a 
lower name, by multiplication. 

For example, to reduce jG5 \Gs, ^. to pence, a» 
the pound is vyprjth 20*. we multiply 5 by 20, which 
gives 100s. for the value of £5 in shillings : to this 
adding the 165. w€ have 1 16$. for the value of <£5 16s. 

Again, because each shilling is worth 12 pence, 
we multiply 116s. by 12, which gives 1392 for the 
value of £5 Xj&s. in pence, to which adding the 4 
pence, we have 1396 for the value of £0 I65. 4d. in 
pen^e, as was required. 

The operation performed at liength is as follows : 

£ s. d. 
5 16 4 
20 

116 value in shillings of £0 i6s. 
12 



1396 value in pence o{ £5\^%Ad, 

IV* 
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I liaf e here fiddej t)ie I6ivi|i ^Mlltipljri^g' I^ ^(}t- 
! h^vealso ad4^d jtbe 4 pctne? in miilMpljiK^g kg^^% 

In the same fnannisi*, afwa^s begmning with the 
principal unita, we can easily perlbrqi) all similar ce-* 
dactions. 

Again, to reduce547'« ISczot* 3qrs. 14ife to founds, 
(he operation is as follows : 

r 

93 value in cwts* of 471 l^cmU 

4 

• ■ ''' 

375 value in qrs^ot 4?*. 13c,w/. 3g;r«. 
28 



3014 
750 



10514 value in lbs. of 47. 13cw^ S^r^. 44ft, 
as was required. 

EXABDPLES FOR PRACTICE. 

f • In 5s. 3|<I* bow many farthings ? 

Answer, 35$; 
2', In 7Gft Troy how many grains? 

Answer, 437760* 
3* In 1 ton how many drachms ? 

Answer, 573440« 
4. How many barley corns, three of which make 
one inch, will reach round the earth, supposing the 
circiimfei enpe to be 25000 mites ? 

Answer, 4752000000.^ 
5> How many seconds are there in a solar ye^r, 
allowing it to be 3G5<^^ 5A. 48m. BlsecJ 

Answer, 31556937. 
97., Units of an inferior kind are converted to 
ibo$e of a superior kind by dm&\oi\* 



For exaiti|4«^itiHkftT# 4h^ virlae ^ I^S^-^pente, in 
poui4l» 9bUu98ly snd pence, as IS pence make & 
shtUing, it ift«iri4«»Mwt48 o(lpn^k» 19 if conttined 
in ISf^ti^re will be to many shillings; ire there- 
fore divide %l9i,m4w.«J)|if# Il6t^ 4^. forlbe qiio- 
tienk»r ; 

4giiDiflMil br»^ll6*,^fl#ia«idr^^ by «0, 

becwurSQ^hiJ lings make iETl, and we have £5 l^s. 
for the qooli^tt wlM^>lQftOli^ wttk llm 4ii^ 
£5 WsMAd*fyT the Valire of 1396 pence, as was re- 
quilt^', v > :■ - • ..f . '. . • 

The operation stands thusr.: 



I «i>* 



jC5 16*. 4rf. 
^?a divide by 30 we divide (art. 75) first by 10 
and then by 2» Now we divide a number by'ten 
(art. 80) in separating the right hand figore by a 
coflMW^ the figare separated is' thetefore tenths : 
but ill dividing tbese tenths; by 3 they will (art. 61} 
become twentieths, that is to say, tw^mtietbs of a 
pOiind»^4|i fthilUdgs^ we tberefore consider the %ure 
separated 48 signifying a number of shillings. Again,. 
in dividing the figures on the left of the comma by 9, 
if tter^ i$^^ airfHo^ainder, this i^mainder will always 
be 1 , that is to say > i of a pound, or lO^shillings ; we 
therefore ^rite this remainder 1 on the left of the 
figure separated. In reducing cwts. to tons^ we dK 
vide by ^ in tlie sande manner. 

Hence we aee tbat to reduce the untta of any 
aame la those of a superior name, we have only to 
divide by the number which shows how many of the 

smaller uni^t^ make one of the next greater. 

■ ' "* ' . ' 

ExAfiri%ss roR PiiActioE. 
h t& 10&I4 Ibai. how many tons ? 
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2. In2S5 fa^thlnggho1#manJ'8biftk>gi?'^• 
3. In 437760 grs. Troy how ma'ny lbs. ? • 

'Arts. -70.' ''^ 

4. In i 73440 dra^Iiinct how timny tbn^ ? - " ■ -* 

Ans. f ;^ 

5. In 475'iOOOOOO barlej' cOrhs b9# ma^i^T-1^^ ? 

^ ^ Ans. 4&Bm. ^ 

6. Iri 8158693^7 sccondS'how many llajrs?;^ '^'^ f; 

Ans. S&§d. dfi. 4S«tfci575e(?.^ >^ 
The above exainples prove those of the preceding 
article. 

98. A compound number, when reduced to its 
lovrest denomination, becomes simple, its units being 
of the same kind. In this state it is susceptible of 
all the fiindamental operations, in the same manner 
as an abstract number. • 

For example, to moiUply Bem.'Sq^s. 16Ib by 843, 
in reducing Sctuf; Syrs^; I6ft td pounds (art. 96).irfe 
have 4361b. '■■ • , • . , • 

Now thc^ units of the noinber 436 being h^ttfO^* 
neal, (that is to' say, of the same kind,) it is e^itient 
that this number may be operated upon in* th^same 
manner as an abstract number ; we th^re^oi^d molti- 
ply 436 by 343, and we ha Ve 14M48 forthe prdtchict 
of the given numbers in pounds. ' 

Also, if wc reduce 14964816 to the hlghet^ d^rio^ 
minationF, as in the preceding articles we shiill' ha v^ 
663\ I5cwt. lyr. Therefore 3cw><. 35')*j. ♦16* multi- 
plied by 343 is equal to 667". locwt. lqi\ 

99. The unit of any of the bwer denomihatidns 
of a compound number is a fraction with regard to 
the principal unit, and the unit of each deriOmiDa- 
tion is a fractran with regard to that of any of the*^ 
superior denominations. Thus the shilling is gV^ 
a pound; the penny is yV of the shilling, and, con- 
sequently, xV of ?V ^r ^T7 of a pound. Therefore 
any number of pence signifies so many twelfths when 
compared to a shiHing, or so many two hundred and 

forikthi when compared to a^oxixvdi^ 
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Ag$tii>, 1 oz« ftvoirdupois -ijs rVr^f ft &f and lib ia 
^V <^f a qr. ; therefore 1 oz. is tV ^^ ?V of ^ qr^biit 
1 qr,.ta J^ota Gwt. ; ihetefope 1 oz. ia r|?f ot tV ^f 
^ of a cwt*^; that is to say^ 1 oz^rcedo^ed to the frac- 
tion of acwt. is equal to Ty<Tj.X^^Xi=^jyf\sCwU 

Hence we infer that to reduce^^the units of any 
demomination to the fraction of a higher denomina- 
tion^. we have only to place un46r these units as a 
denomia^tor the number which shows how many of 
tbi^ aiQaller units make one iof the greater. Thus, 
to reduice 440.yards to the fraction 'Of a mile, as the 
mile is 1 760 ykrds^ we pl^ce this number under 44(^ 
and weihave yWV or i for the required fraction. 
- In effect^ this is iiQthing else than to divide. 440 
•yards or -—* yards by 1760, (art. 61 ;) hut, in di- 
viding yard^ by 1760, we reduce them to miles, 
(ari>.97:) (be fraction jVVV or {k therefore the 
fraction of a mile. 

100. Frpni what has been said, we can easily re- 
diice all the inferior parts of a coHipound number to 
a fraction of the priocipa) unit. For example, to 
reduce 175. 6d. to the fraction ef a pound, we first 
reduce 6c2. to the fraction of a schilling, in placing 12 
underneath as a denominator,. (art. 99,) which gives 
-^^ or ^5.; we then have 17^*., or V*. Now (art. 
99) to reduce \^s. to therfraction of a pound, we di- 
vide by 30, that is to say, (art. 6^l\) we multiply the 
denominator by 20, which gives £f or i for the frac- 
^ tion reauired. 

Or thus: we reduce 1 75. @ J. to pence, which 
gives 210c2., under which placing 240, the number 
of pence in a pound, (art, 99,) we bave |H^-^f i 
=:|/. as before. 

Now suppose that we would multiply 17 s. Bd.hy 
315 : instead of reducing 17^. 6i{. to the lowest deno« 
mination, as in article 98, we reduce it to a fraction 
of the principal unit, that is to saj, to the fraction of 
a pound; and multiplying, this fraction by the given 
number 315^ we h^ve the aniswer in pounds at bnce. 
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Thus, 175. 6<f.X316=f/.x2f*=a^/.=i:275 125* 
6rf. 

The division of <£2305 bj 8 is performed (htis : 

8)'2205 ' 

Having divided jC2205 by 8, we hav6 JC'^TS for 
the quotient, and a remainder of £5 : this remain- 
der we reduce to shillings, which gives lOO^. 

We then divide lOO^. b^ 8, which gives l^s* for 
the quotient, and a remainder of 45. : this remain* 
der reduced to pence is 48d. and dividing 48 J. by B^ 
we have 6d, for the quotient without remainder. 

The quotient of JC'S^Oa divided by 8 is therefore 
£275 \2s 6d. 

lOl. From what has been said, it is easy to find 
the. value of a fraction of a higher denomination in 
the terms of the inferior denominations. For ex- 
ample, to find the value of jE||, as H of a pound is 
the same as the ninety-sixth part of «£41,(art. 60,) 
I divide ^41 by 96, in the following manner: 

«*' 
41 
20 

96)820(85, 6irf, , " 

768 ' 



/ : 



52 
12 



96)624(6rf. 
576 


i ' ' ' ; 


48 


* ■ , 


4 


1 ^ 'J- 


96)192(2jr5.oridr. 
^192 


* > . • • ' * 

f 
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• ■ . 

Ab^ £ii dpes not cjontain the .divisor 96, we re- 
duce jE^41 to' shilliDgSy after which, procedine ais has 
beeo espIMi^ed Id the preceding article^ we nnd that 
the value of jC~ is Qs» 6^d. 

Examples por Practice. 

1. Reduce 16^. Sd.to the fraction of a pound. 

Ans. I* 

2. What part of a Ynonth is 2w. 2c?. 1 5A. ? 

Ans. ilj. 

3. What part of a mile is 5/tir* 1 dp. 1yd. 2fi. 6m. ? 

Ans. |. 

4. What part of a cwt. is f of an ounce avoirdu- 
pois ? Ans. ^yVt- 

5. What is the value of f of a day ? 

Ans. 9 hours ? 

6. What is the value of | of a mile ? 

Ans. ^ur* I3p. lyd* ^ft* 6m» 

7. What is the value of f of a ton ? 

Aqs. 5c2a^ 2<j^r^* 24ft. 

102. We can with equal facility reduce the lower 
denominations of a cortipound number to the decimal 
fraction of the principal unit, and this again to the 
terms of the lower denominatiocis* 

This is done in the same manner as in the pre- 
ceding articles, except that we divide or multiply 
decimally* Tor example, to reduce 9rf. to the deci- 
mal fraction of a shilling, we reduce 9d. to the vul- 
gar fraction of a shilling, which gives y\ or | ; after 
which, reducing | to a decimal, we h^ve 0,75 for the 
' fraction required. 

Or, we divide 9 immediately by 12, thus: 

12)9,00 

0,75 ^ 
And in the same manner units of any denomination 
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•J 

are reduced'to tti^ decilhal 6f a higher dcQi^^iAtaa*^ 

tlOII. ' '^ 

Now to find the vaiae iir penc6 of 0,75 of a 
ling, we multiply by 12, tbtrev 

0,75 
12 



9,00 ^ 

and we have 9d. The one ppefatioo, therefore, 
proTosr the oth^r. 

.Again^ to redd<ev5s;^ G^dato the di^Qutial of a 
pound, tbe operation is as follows : 

12)6,50O0A ' 

jeO,2770S3 

Having found 0,5 the iralue of i<?..we prcfi* the 
6<i. a«d we have Q^5d. for the valu^ of e^ii theJii, to 
have the value of 6,5(2. in the decimal of a shilling, 

we divide by 12, antdiwe have 0,5416^*, to wUch 

prefixing the 6s. we ha'^ p^BAl&Si for the valtie of 

5s. Bd. Lastly, to reduce 5^54 16^^. to the decimal 
of a pound, we divide by 20, as in artiple 97, that is 
to say, we remove the comma, or suppose it to t>e 
removed, one place towards the left, which (art, 80) 

is the same as to divide by 10, and dividing 0,4^^416' 

by 2, we have 0^277083 of a powid for the value of 
5s. 6|d. as was required. , 

To find the value of 0,277083 of a pound in the 
terms of the lower deocrn^nations, we precede as 
follows: 
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2,77083 
2 



5,54 1 66 

6,50000 
^4 



' ^ 2,0 

To find the value of 0,277083 in shillings, we re- 
move the comma one place towards the right, and 
multiply by 2, which (art. 80) ia the same as to mul- 
tiply by 10, and again by 2, that is to say, by 20; 

after which, as there are five decimals in the number 

• •..■.•• • •■ 

^,77083, we separate as many in the product, (art. 
83)) and we have 5,^4166, etc. which is the same as 
5.^.and 0,54166, etc. of a shilling. Then, to find 
the value of 0,54166, etc. of a shilling, in pence, 

we multiply by 12: now, as the figure 6 taken any 
where in tbie^xpression 0,666, etc. is (art. 88) six: 
ninths> with regard to a unit of the next order on the ' 
left, we consider 72, the product of 1 2 times 6, as 
y or 8 ; consequently, having multiplied the figure 

6 of the number 0,54166 by 12, we carry 8 to the 
next product, and, preceding as before, we have 6d. 
and 0,5 of a penny for the value of 0,54166, etc. of 
a shilling. Lastly, we multiply 0,5 of a penny by 4, 
and we have 2 farthings for the product- Whercr 
fbre, collectrhg the different denominations which 
we have thus found, we find that the value of 

0,^7708*3 of a pound is 5s. e^d. This last opera- 
tion, therefore, proves the preceding one. 

By a similar process we reduce the inferior terms 
of a compound number of any other species, to^ the 
decimal of ^ higher denominc^tion, and this decirpal 
again to the inferior terms. 

- 13 
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EZAMPLSS FOR PRACTICE* 

] • Reduce 7s. 9|d, to the decimal of a pound. 

Ans. 0,390625. 

3. What 18 the value of 0,375 of a month ? 

Ans. iw. Sd. I2h. 
3* Reduce Sgrs. In. to the decimal of an ell En- 
glish. Ana* 0,65. 

4. Reduce 0,65 of an ell KnglisI) to the decimal 
of a jard. Ans. 0,8 1 25. 

5. What is (he value of 0,285714 of a ton? 

Ans. dcwt.Sqrs. 24|^. 
103. The unit of each of the difierent denomina- 
tions of federal money, from the highest to (he low- 
est, being formed in tlie same manner as the unit of 
anjr order in an abstract number, that is to say^ tf{ 
ten units of the next inferior denomination,it'faWYi- 
dent that the four fundamental operations maybe 
performed upon these, as if they were abstractnum- 
bsfs. 

Tofind the sum of ^^37 and ^156,257, we place 
the ttnits of the same denasnUiation und«r each 
other, and add them as abstract numbers, thus : 

29^37 
156,2^7 



185,627 
1^ lowest denomination being mills, we may (art> 
77,}xon8idc(r the sum as representing a number of 
mills. 

Now, in dividing by the number of mills in a unit 
of any of the other denominations, it is £ivident, that 
we may read the sum in any or all of the other de- 
nominations; but, as accoonts are kept IndoHars 
and cents, it is usual to consider the dollars as whole 
nmnbers and the inferior denominations as decimals ; 
therefore, as 1000 millsmake a dollar, we divide by 
^^ 1000 in separating (art. 80) three figures on the right 
^Tt bjr a commsiy and read 1B5 dollars and 627 thou- 

1 
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sandths, or, (as lOmilU make one cent,) 185 dollars, 
62 cents, 7 mills. 

Hence we procede in the calculation of federal 
money in the same miinneras in the calculation of 
decimals. 

EiAMPLES. 

1. Toiiodtbesumof ^5^16; ^{29,457; ^^347^20, 
and 1^1,627, we procede thus : 

5,1G 
29,457 
347,20 

1,627 



Sum- g383,444 
2. To subtract $597,237 from S5100Q,50, we pro- 
cede thus : 

, ^1000,50 
597,237 



Rem. ^403,263 

3. Multiply ji35,eST fey $1 ,25. 

Ans. j544,54625. 

4. Multiply ^5379^23 by iJ25. Ans. $9480,75, 

5. Divide $35M by |^,25. Ans, jj5,7344, 

<^£STIONS ON SECTION 11. 

1 • How is a vulgar fraction reduced to a decimal 2 

2. Can we always express the exact value of a 
vulgar fraction in decimals ? 

3. Show whea this can be done» when it cannot 
be done, and why. 

4« When the value of a ff action cannot be exact- 
ly expressed in decimals^ wliat da we find remark- 
able in extending the quotient ? 

5. What is the reasoti of Ibia pertodical cetum of 
the same figures ? 

6. How cb we etpress the value of a periodical 



^ 



136 ELEMENTS OF ARITHMETIC. 

decimal fraction in the terms of a vulgar fraction ? 
Let this be explained by an example. 

7. How do we procede when the period does not 
commence with the first decimal figure ? 

8. How is a period designated ? 

9. What expeditious method have you of multi- 
plying or dividing a number by 5, or by any number 
in which 5 is the only factor ? 

10. What is an abstract number, and what a con- 
crete number ? 

11* What is a compound number? 

12. Repeat some of the tables which contain the 
different units to which we generally compare quan- 
lities, such as the tables of weight, measure, time? 
etc. 

13. How is the dollar valued in, the different cur- 
rencies of the United States and British dominions ? 

14. By what operation do we convert units of a 
higher to units of a lower order ? < 

15. How do we procede in order to reduce a 
compound number to its lowest denomination ? 

16. By what operation are units^of an inferior or- 
der converted to those of a superior ? 

17. When a compound number is expressed in its 
lowest denomination, how do we express- it in terms 
of the higher denominations? 

18. What is a unit of any of the lower denomi- 
nations, when compared to a unit of any of the 
higher ? 

19. How do we reduce all the inferior denomina- 
tions of a compound number to a fraction of the 
principal unit, and how is this fraction again reduced 
to the terms of the inferior denominations? Let 
this be explained by an example. 

20. How are the lower denominations of a com- 
pound number reduced to a decimal fraction of the 
principal unit ? 

21. How is this decimal fraction again reduced to 
the terms of the lower denominations ? 

S20 What is there remarkable in the several divi- 
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sifiiE^s of federal toM^j ? Let the scholar explain 
the aature of the cakulation of tbia coin by exam- 
ples choseai by himself. 

Section 12. 

ADDITION OF COMPOUND NUMBERS. 

104. To perform this Operation, we write the 
given num|»ers under each other, so that units of the 
same kind may be in the same column, and having 
drawn a line underneath, we commence by adding 
the units of the lowest d^omination ; if their sum 
does not contain a sufficient number of units to com^ 
pose a unit of the next higher denomination, we 
write it under the u^it« of its kind ; but if it contains 
as many imits as will compose one or more units of 
the next higher denomination, we reduce it (art. 97,) 
to this defiomioation, writing the remainder, if any, 
under the units of its kind, and adding the units of 
the quotient to their equals of the next higher de« 
nomination, with whkh we procede in like manner. 

Example f. 

If we require the sum of 

£ s. d* 

25 16 8 

332 19 11 

$4 U 9 
58 9 6 

481 17 10 
The sum of the pence is 34, which being reduced 
to sbilfiDgSy^art. 97,) gives 2^. I0d.;1. write the t9J. 
uadcir pence, aiid add Ihe 2; . to the unit column of 
ahiliitigs v^the sum of this is 27, of which I set down 
tb^ ami figar^ 7, and add the 2 to the cotomn of 
tens ; ^^^ 8«Rn of this is 5, and as eaeboait in thisiS 
ia tQs^i it 18 eridient (hat twaof these will makis 4 
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poand ; I therefore take the fafttf of 5 for pounds, 
which gives 2 and 1 over; I place-tbis 1 , which is lO^. 
on the left of 7, and carry the 2 pounds to^ the co-^^ 
lumn of pounds, which I add as usual. 



We propose to add 



Example 2. 






add 






4 4(y 


SOI 


9 


jii /t,' P, 


Yd. 


S- F. 


3 3 36 


26 


8 


36 2 27 


19 


7 


46 3 1^.3 


25 


5 


145 3 35 


21 


G 


25 1 12 


12 


4- 



J29 3 6 15 5A 
Here the surn of the square feet is 30, which being 
reduced tosquare yards, (art. 97,) gives Syds* 3/^. / 
I', write the 3/^ under the column of feet, and add 
3 yik, to the unit column of yards ; the sum of the 
yards is lOt, and as SOi yds. make a pole, L divide 
106 hy 30j, or (art. 60,) by ^f' , that is to say, (art. 
72,) I multiply 106 by yly, which gives me Iff, or 3 
poles and yVr of a pole. Now reducing this frac- 
tion of a pole to yards, we have yVt >< *"r ~ V =^^ ^i 
yds.^ the sum total then of the yards is equal to 3 
P. \5\ydsi; I have therefore 15 ^cb. to write under 
yards, and 3 P^ to carry to the column of poles. 
But before-I precede to the addition of this column 
1 shall take notice of the f of a yard connected 
with.the \5yds. As it would be awkward to leave 
a fraction connected with the yards while we have a 
lower denomination* in the question *, I reduce this 
fraction to feet tn multiplying it by 9, which giTes 
2{yj«,and adding this to the 3//. which I first pkced 
under the column of feet, 1 have 5^, which I. leave 
under that column. I then procede io the addition 
of the poles, and adding the 3 P. which I retain 
IiQjn im redQCtionofrthe yards, I find that the sum 
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4. 

18 126 ; reducing this to roods, I have 3 jR. 6 P. ; I 
write 6 under poles, and carry 3 R. to the roods ; 
the i^um of these is 15 jR., which, divided bj 4, gives 
3 j1. 3 jR. ; I write 3 under roods, and add 3 A. to 
the !Coluinn of acres» Having connpleted the addi- 
tion, the sum totikl is Ud A. 3R. 6 K 15, Sou Yds. 

3; Required the sum of the four last numbers of 
the preceding example. 

Ans. 125 j1.3 R. 9 P. 18 Sj- Yds. 8^ 5. F. 

£ 5. d. 

11 II 9i 

78 16 -2J 

8& 12 llf 

65 19 7| 

i4 IS 6i 

33 16 9f 



£ t.i d» . Ciid' qr. lb oz, dr. 

23 19 4^ 13 2 18 12 8 

31 Q ll| 29 1 23 14 9 

49 18 ?i 34 S 27 16 11 

63 13 10" . 67 3 19 12 16 

77 1? 9\ 46 1 25 14 7 

84 17 62 23 3 26 11 6 



^- s. 


d,. 


11 \% 


3i 


32 14 


7| 


59 17 


8J 


43 10 


2f 


86 4 


llf 


«7 18 


H 



julti 



A. R. P: Yd, S. F. bar. gal. qU 

7 2 31 2ft 8 , 29 27 3 
9 3 28 19 7 13 15 3 

8 2 17 15 6 44 11 2 

9 3 23 25 8 5^ 26 3 
6 2 39 24 7 89 29; * 
4 3 32 16 5 93^ 14 1 






w^mt^mtmm^mm^t^^*. ' 
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SUBTRACTION OF COMPOUND NUMBERS. 

105. We place the less number ander tbe greater 
in the same mainner as for addkibn ; Urid coonmeiic- 
ing with the lowest order, we subtract the omts of 
esn^h order irl the less number from the eorrespond- 
ing units of the greater, writing each remainder un- 
der the order which gare it. But ff the number of 
the units of any inferior order in the less number is 
greater than the number above ft, we add as many 
units to the upper number as will make a unit of the 
next higher order, and having subtracted the lower 
number from the sum, we add a unit to the next high- 
er order of the lower number. By this procedure, 
the numbers are both increased hy ibe sanne quanti- 
ty, which (wt. 27,) does not af^t tfccir difference. 



Example 1. 

A. R. P. S.j/ds. 
From 129 3 6 15 
we would take 125 3 9 18 


S.F. 
8J 


33 36 26 


& 



Here, as I cannot subtract j^=| from j^, I borrow 
a unit from the 5 square feet, which (art. 59) is 
equal to |; then |+J=|, and f—|=:|, which I 
write underneath. Having borrowed a unit from 
the 5 square feet, instead of diminishing this by a 
unit, I add a unit to the 8, which makes ; then, as 
9:::^5, 1 borrow a square yard ; reducing this to Square 
feet, and adding it to the 5, 1 have 14 ; theii 14 — 9 
=5, wbicih I #rite under 8. Having borrowed a 
square j^fij 1 add 1 to 18, which makes 19, and as 
19^1^, I borrow a pole, which reduced to yards and 
added to^ 15 makes 45|; subtracting 19, there re- 
ma/ur fd^j irberefore I write 36 underseatb^ aifd re- 
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ducing the | of a square yard to square feet, 1 have 2^ 
square feet; this being added to the 5| square feet al- 
ready found, give& S, which I leave under the colurim 
of feet. Having borrowed a pole, I add 1 to 9, which 
makes 10 ; then 1 say, not 10 from 6, but borrowing 
a rood or 40 poles, 10 from 46 leaves 36, which I 
write underneath. I then add 1 to 3, which makes 
4^ and borrowing an acre or 4 roods, I say 4 from 7 
leaves 3, which I write underneath. ' Lastly, having 
borrowed an acre, I add 1 to 5, which mak^s 6, and 
6 from 9 leaves 3, which being written underneath^ 
completes the operation. 

This example is a proof of the second example, 
(art. 104,) the number subtracted from being the 
sum- total of the five numbers added ; the number 
subtracted, the sum of the four last numbers, and the 
remainder the first number. 

Prove the following examples by addition and sub- 
traction. 

2. From I of f of a pound sterling take 4 of | of 
a shilling. Ans. I5. lO^cf. 

3. From ST. OcwL 2qr$. 5fe ISoz. take fof | of 
a cwt. Ans. 2T. idcwt. Sqrs. 27ft doz. l^drs. 

4. From 3^. OJt. AP. 9yds. SS. F. take ^ of an 
acre, Aus. 2^. 2iR, 30P. ^dyds. 4S.F. 72S.m. 

A» -R. P. yd, sq.ft. V £ s. d. 
23 2 21 19 6 29 6 8^ 

15 3 35 24 7 13 17 9j 

CwL qr» ft oz. dr. . bar. gal. at. 
22 1 13 7 8 13 19 2 

II 3 17 8 1,1 7 29 8 



1 
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OF THE MULTinLIGATION OF COMPOUND NUMBERS, 
AN0 WHAT IS CALLED PRACTICE. 

lOe. We hav»e seen (aiiicles 98 and 100) that a 
compound number^when reduced either to its low- 
est denomination <)r to a fraction of the highest, 
may be operated upon in the same manner as an ab- 
stract number : the mtthifftlication^ therefore, of com- 
pound numbers, may aiwaiys be reduced to the mul- 
tiplicfttion of a fraction by a fraction* 

For example, if we demand the cost of 54 square 
yards 6 feet of work, at the rate of <£9 4^ . 6a. per 
square yurd, it is evident that if we multiply the cost 
of one yard by the number of yards we shall have 
the cost of the whole* Now, reducing 6 feet (art. 
99) to the fraction of a square yard, we have f, and 
(art. 60) reducing 54| square yards to aa improper 
fraction, we have -4- for the number of yards : also 
reducing 4$. 6 J. to the fraction of a pound, we have 
7?7, and reducing £^-i-^ to an improper fraction, we 
have ~- for the pounds. Lastly, jC—p being multi- 
plied by ^^ gives £^^ or i:504 65. for the re- 
quired cdst. 

This method applies to all compound numbers, 
but generally requires more calculation than, that 
which we are about to explain. 

107. When one of the given numbets is simple, 
either of them nPiay be taken for the multiplicand or 
multiplier, yet care must be taken not to mistake 
the nature of the units in the pi*oduct which is de- 
termined by the question. 

For example, if we woufd find the value of 27 
yards of cloth, at 35. 9|cf. per yard, it is evident that 
the required value is equal to %s. ^\d\ multiplied by 
27. 

Now, if we require the cost of the number of 
units in 27, at Ss. 9|cf. per unit, it is of no conse- 
quence to> what species of quantity the number 27 
is applied \ we shall therefore consider the 27 as 
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sbtilings, and coneecfttently vre may eMfcer ihQUiply 
3s. 9id. by 27s. or 27^* h^ 3s. 9^(^, tM is la fay, 
either of the given tmrnhers may be laken for tba 
itiultiplicand or maltiplier* 

Therefore, we shall first miiHipiy 39. d|d. by 27^ 
aalbiiows: 

d. 



5« 



S 9f 

5 X54-S«B7 



19 0| 5 limes lh<» multiplicand 

5 . ' . 



U ■ ■— I' H 



4 15 3| 5 tifoes 5 or 25 times 
7 7^ iwice the multiplicand 



£5 2 Mi 25 times plus 2 or 27 tinoes. 

Having added twice the multiplicand to 25 times, 
we have 27 times, that is to say, we have £5 28. 
1 1 id. for the required costi 

We will now take 27s. or £i Is, for the muUipIi- 
cand, and precede us follows : 

£ s. ^ 



6d. is 



5*. 



3d. 
id. 
id. 



1 

1 
J 

i 



1 


7 




3*. 9|d. 


4 


1 





13 6 





6 9 





1 H 





6| 



5 2 llf ^ 



I first multiply by 3s« and I haire j£4 is. for the 
product; then, to multiply by 9|i{., I aeparate tbjs 
into convenient aliquot parts, reasoning thus : as I 
have £i 79. in the product for each unit in 3f«,that 
is to say, for U., I should have half this pioibict for 
(yd.^ because 6d. is ^i. \ I therefore take the half of^J&i 
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75., which gives ]3».6il.; then for the 3 remaining 

Fence \n9d. I say, as 6d. gave a product of 13^. 6c7.,- 
should bav^ the half of this product for 3d. be- 
cause Sd* is the half of 6d. ; I therefore take the half 
of IBt. 6i2., which gives Ss. 9d.: then, for the fJ., 
separating this into id. and |d., for the id. I say, as 
3d. gave a product of 6$. 9d. I should have | of this 
product for ^d., because ^d. is ^ of 3d. ; I therefore 
take i of 65* 9d., which gives 1$. l^d. Again,- for 
the \d.j as this is ^ of ^d. I take the half of Is. l^J., 
which gives 0^. 6f cf* Lastly, adding the several pro* 
ducts together, 1 have £5 2^. l^^d. as before. 

Or, we may perform the same question thus : 

s. £ s. 



3d.i 



IS 



id. 



k 



i 



1 


7 






35. 


9frf. 


4 


1 




^ 


6 


9 




6 


9 




. 6 


9 




1 


H 

1 



5 2 llj 

Here, instead of separating the 9d. into Gd. and 
^{}., I separate it into 3d. plus 3c?. plus 3e?., and ha* 
ving found the product for 3d. I repeat it 3 times.- 
then, as Jd. is (art. 58) the same as | of 3d. I take i 
of 6s. 9J., the product given by 3(2., and adding as 
before, I have the same result. 

Hence the aliquot parts may be taken variously to 
suit the operator ; however we should always endea- 
vour to render the operation as simple, and to em- 
ploy as few figures as possible* The last operation 
is, therefore, m both respects, preferable to either of 
the others. 

This method of multiplying compound numbers, 
by aliquot parts, is much used by merchant;;, and is 
generally called practice. 
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I^ef the foUowing examples be performed by the 
preceding method and by fractions. 

Examples for Pragtice. 

2* At 35« 6df. what cost 187y(2^. ? 

Ans. jC32 14?. 6d. 
. 2, At 45. 8(2. what cost 52$^d$.l 

Ans. jC122 0^* 8d. 

3. At 5s. Sid^ what cost 3^1 5vds. ? 

Ans. £83 l$s. 5id. 

4. At 19*, 1|(?. what cost IZbyds. ? 

Ads. £702 16>. lOjrf. 

5. At 23*. 5f(/. what cost 1962y€?;. ? 

Ans. £2303 6*. l^df. 
a. At 22s. Hid. what cost 2627yA. ? 

Ans. £3012 16ff. 9Jd. 
108. When both numbers are compound, we ope- 
rate as in the following example : 

What is the coat o? Wcwt, \qr. 14ft of sugar, at 
£3 155. 6(f. per cwt.? 

£ 8. d* 

3 15 6 

llctoh Iqr. 141b 



Iqr. is \cmi> 
f5s* is i/. 

1 



, 



1 


33 








' i ' 


15 


J 


V 


1 


n 


f 

-/ 


6 J. is tV 


- ■ % ■ 


15 


s 







5 


6 


14ft is ^ j^r. 





18 


JOJ 


^ 





9 . 

f 


6i 



prod. 

for 155y. 



.42 18 9^ 
I &r8t multiply £3 Xbs.M. by 11, as in the pre^ 
ceding article, that is to say, having multiplied £z 
by 11, 1 take parts of 11 considered as pounds for 
the 15*. 6d. Having thus taken 11 times £3 155^ 
6^., which is the value of XcwU^ I have the value of 
WcviU 

\% 



\ 
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Then, to have the Tfiltie of l^r. I take Jt of £S 
15s. Gd., the value of a cwt.^ which gives 18^. 10|4. 
Lastly, to have the value of 141b, as this is the half 
of Iqr.jl take ^ of 18^. lO^d., the value of a quar- 
ter, and having added the several products I have 
£4^ IBs. 9id. for the required cost. 

The same may also be found thus : 



Iqr. is {cwt. 



149s is ^r. 



41 



s» 
15 



JO 

1^ 

9 



6 ' 

llctDt.tqr.14lh 

6 

m 

5i 



42 18 9i 

I here multiply £3 1 5s, Sd. by 1 1 , according te 
the first method exposed, (art. 107,) after which I 
take parts for the l^r. t4lb. and having added, I 
have £A2 18$. did* for the whole cost, as before* 

^ Examples for Practice. 

1. AtX2 109. Sd. what cost 4ca>^ 3qr. 14Ib? 

Ans. if 12 6f. 2id. 

2. At j£3 Us. Bi^d. what cost Ictvt. Qqr. 1 9ft ? 

Ans. .£26 15s. l\d.+ 
3- At jG2 35. 9|£f. what cost 13cw<. 2yr: 7ft ? 

Ans,je29 145. 2Jrf.— 

4. At £5 11 5. 6|(Z. what cost 9c^D^ l^r. 121b ? 

Ans. £52 Zs. 10|J.+ 

5. ki£l Is. A^d. what cost 29c2d^ Zqr. 17ft ? 

Ans- £211 75. 4}d.+ 

109. The aliquot parts are frequently more com^ 
plicate than those we have hitherto met with, in 
which case we sometimes introduce a false product, 
as in the following example : 

Ex. 1- At the rate of X34 105. 2<{« per square 
jard, what is the cost of 17S. %ids. ? 
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14^ 





£ 


5« 


d. 


• 


34 


]Q 


2 




17 








238 








34 






Is. ia tV 


8 


10 




3d. is i 





xt 









3 


10 



jC586 12 10 

Having multiplied jC34 by 1 7, and also the 1 05. 
by 17, in taking the half o( £ll we have to multiply 
2il., which is ^ of a shilling, and consequently \ of 
iV or ^7 ^^ 1^^* 9 ^ut instead of taking ^y of iTo 
10^., the product given by 10;^, we make a false 
prodoet tty first taking the tenth of j£8 10^.; this 
tenth, which is 175., is the product for 1^. : now, as 
3d. is only the i of a shilling, we bar this false pro- 
duct and write the sixth of it underneath; after 
which, adding a^ usual, we have ^^586 12^» lOJ* for 
the required cost* 

Ex. 3. How miich work should we have for jC34 
105. 2d., at the rate of Xl for 17 yards f 

It is j9TideQt ih»% we should have 1 7 yards a,8 often 
as the pound is contained in j£34 10^. 2d.; wie shall 
then^loM mi^iply 17 yards by -£34 10^. 2d., as fol- 
lows: 

S. yds. 
10s. is ^L 



1^. is tV 
2d. it f 



17 




34/, 


105. 2d. 


68 


> 


61 




8 


4iS.F. 





4^ 





m 



58eS.y. 5iiS.fi, 
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We first multiplj nS.tfii. by 34 ; then, to mAti^ 
ply by 10««, aa this is the half of a pound, we tske 
the half of 17S.vi29., which gives SS, yds. 4iS* F. 
To maltiply by 2a* we first fiDd the product for Is. ia 
taking the tenth of what we had for 10«*, that is to 
aay, the tenth of SS.yds. 4^S«F.; this tenth is 7|f 
S» fl, but as it ought not to make a part of the pro- 
duct we bar it: then, as 2di is | of a shilling, we 
take i of 7|$S. F;; this sixth is mS. F., which we 
write underneath, and having added the several pro- 
ducts, the total product or quantity sought is 586S. 
yds. 5US. F. 

In this and the preceding example the factors are 
the same, but the two products are very different in 
the nature of their units. Hence we sec the impor* 
tance of distinguishing the nature of the units in the 
product, which is always made known by the^ondi-. 
tions of the question. 

Examples for Practice. 

1> At £3 5s. 4d. what cost lB5yds. 2 

Am. £604 Qs. Qd. 

3. At jC2 9s. df J. what cost 2B4yds.2 

Ans. J&700 4s. Sd. 

3. At £12 155. 4df. what cost 3167. ?• 

Ans. .£4034 &8. 4tf* 

4. At i:i3 12*. Old. what cost 2977. ? 

Ans. J&4039 165. 4idf. 

5. At £d Ids. lid. what cost 921 T. ? 

Ans. i:9169 14^. Hd. 

OF TifiB DIVISION OF A COMPOUND NUMBUl BT A 

SIMPLE NUMBER. 

110. If the dividend and divisorrepresent quanti- 
ties of different kinds, we first divide the highest or- 
der of units in the dividend by the divisor ; we then 
reduce the remainder of this division to the next 
lower denomination, adding the units of the dividend 
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which ace of ttiis denoramttoa } afi«r which we di^ 
vide) and .precede with the reminder in the same 
maimer as heftre. We continoe thas to the lowest 
denominatioB, and colieetiog the several quotientSt 
we hare tibe to^ quotient or compouiid number 
sought. 



ExAlfPLE. 




If 30 yards of cloth cost jCIO 9;. 4id.. 
a yard ? 

£ s. d. 


, what is that 


10 9 4^ 




20 




30)209s. 4\d.((it, llj<7. 
180 




29j. 




12 




30)352(1 M. 
330 


- 


22ir. 




4 




30)90(3orj. 
90 





As 30 is not contained in TO, we reduce the £\Q 
to shillings^ to which adding the 9s. of the dividend, 
we have 209^. ; we divide this by 30, which gives Qs. 
for the quotient and 295. for the remainder; re- 
ducing this remainder to pence, and adding the Ad. 
of |he dividend, we have 352c2. ; we divide this by 
30, which give^ 11 J. for the quotient and 22c2. for 
the remainder; reducing this remainder to fkrthings, 
and adding the two farthings of the dividend^ we m 

13* ^ 



s^wr 
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Mvb 90 farthings ; we divide by SOj and .have S ftr- 
things for the quotient, without remainder. Lastly^ 
collecting the several quotients, we have 6^. 11 |d« 
for the price of a yard, as wai reqoired*:. 

Wc may also perform the operation in*dividing by 
the factors of 30, as follows : 

£ s. d* 

5)10 9 4i 

6) 2 1 10| 
£0 6 llj 

Examples for Practice* 

1. If lS5t/ds. cost ir604 Gs. 8(i..what is that a. 
yard ? Ans. £3 5s. 4d. 

2. If ^Q4yds. cost jC700 45. dd» what is that a 
yard ? Ans* £2 ds. 3|d. 

3. If 31G7. cost £4034 5s. 4d. what is that a ton ? 

> Ans. £l% 15s. Ad. 

4. ir 2977. cost £4039 IBs. A^. what is that a 
ton? Ans. £l3 125.0ic7. 

5. If 9217. cost £9169 Us. l^fl. what is that a 
ton? " Ans. £9 19*. \\d. ' 

111. When the dividend and divisor represent 
quantities of the same species,, we must observe 
whether the quotient should or should not be of the 
same species with them, which the nature of the 
question will always decide. If the nature of the 
question requires that- the quotient should be of the 
san^e kind, we precede as in the preceding article. 

For e^Lample, suppose that with £l7 we have^ 
gained £iO G^. il|df., and that we would fipd the 
sain on each pound : it is evident that the quotient, 
should be of the same jkind as the divisor and divi- 
dend, that is to say, should be money, and that it 
should be the seventeenth, part of £20 65. llf<?«t^ 
we tjfj^refpre, 4ivide JQ^^OSs. \\\dv\i\\'ii^^^ia, tlve^ 
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precediog article^ whieb gives £l Ss* ll}cif.for t)ie 
reouired gain* ; 

But if the nature of the question requires that the 
quotient should be of a different kind, we vreduce the 
divisor and dividend to the lowest denomination 
mentioned in the dividend; after which, considering 
the units of the dividend as being of the same kind 
with those of the quotient that we seek, yre divide 
as in the preceding article* 

For example, if we would know how much land 
can be bpught for £s\4 ^9^• 6df*, at the rate of £i 
per acre, it is evident from the nature of the ques- 
tion that the quotient must be acres and parts of an 
acre, and that the number of these acres must be 
.determined by the number of times that <£4 is con- 
tained in jC314 Ids.Gd.i to simplify the numbers, 
therefore, we reduce the dividend to pence, which 
gives 75594; we also reduce the divisor to pence, 
which gives 960; we then divide 75594 considered 
as acres by 960, which gives 78^. 2/2*. 39P. for the 
quantity of land sought. 

Examples. 

1 . How much corn can I buy for <£26 10;«, at the 
rate of 8». a bushel ? Ans*. Q^bush. Ip. 

2. How much cloth may be bought for jC20 16^. 
4d., at 45. a yard ? Ans. 104yd8. Oar. l^n. 

3. Suppose that, having planted 25 bushels of po- 
tatoes, we have harvested 4376ti^A. 2/>., what is the 
rate of increase? 

Ans. nbush. 2/). for each bushel, or 17^ for 1. 

PIVISION OF A COMPOUND NUMBER BY A COMPOUNH 

NUMBER. 

112. When the divisor -and dividend are both 
compound numbers, but of different kinds, we re? 
dace the divisor to a fraction of the principal unit« 
and. divido the dividend by this ^paction reduced to 
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its lowest teitDflf tbatii to fiajr^ (tft. 72,) we amUipiy 
the dividend by the denominator of this fraction, and 
divide the product bjr its ntttterator. 

Examples* 

1. If iSctd. ^qr. 81b of sugar cost £S9 Isw Qd,y 
what is that a ewt. ?. 

£ 5. d. 
S9 1 e 

T 



109)27S 8 8(2/. lOs. 2d. 
218 

55 
SO 



109)1108(10 
1090 



18 
12 

109)218(2 
218 

«•« 

I riedace 2 qr. 8ft to the fraction of a cwt., (art. 
100,) which gives l^cwU ; then, 151^czot. reduced to 
an improper Jraction gives ^cwt. 

Now, to divide by i^, we must multiply by 7 and 
divide by 109, (art. 72.) I therefore multiply £39^ 
is. 2d. by 7, and dividing the product jC273 85. 
2d. by 109, 1 have £2 IQs. 2d. for the answer. 

2. If 13y&. 2qrs.^ of cloth cost £2 5$. 6|d. what 
is that a yard ? Ans. 3*. 4|rf. 

3. If lAcwi. 3 grrs. 9* of sugar cost jC40 9*. 6(?., 
what is that a cwt. ? Ans. £i 14s. 7rf.+ 
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4. If t5T. 16c2v^of hayco8t<£71 2^., what is that 
a ton? Ans. £4 lOi. 

.113. When the divisor and diridend are of the 
same kind, and the nature of thei question requires 
that the quotient should also be of the same kind 
with them, we precede as in the preceding article; 
but if the question required that the quotient should 
be of a different kind, we reduce the dividend and 
divisor to the lowest denomination mentioned in 
either, ; after which, considering the units of the di- 
vidend as bein^ of the same kind as those of the 
q\}otient that we seek, we divide as usual. 

ESAHPLES. 

1. How much sugar may be bought for £3d Is. 
2d., at the rate of £2 \0s. 2d. a cwt. ? 

Here the divisor and dividend are numbers of the 
same kind, but the nature of the question requires 
that the quotient should be of a different kikid; we 
therefore redtice the dividend to pence, which gives 
9374; we also reduce the divisor to pence, which 
gives 603 ; we then divide 9374 considered as hun- 
dred weights by 602, which gives 15cwt* 2qrs* 8£b 
for the answer* 

ExAifPLES FOR Practice. 

] • At £s bs. 4d. a yard, how many yards can C 
buy fdr £eOi es. Sd. ? Ans. 1 85. 

2. At £2 9s. Sid. a yard, how many yards can I 
buy for £700 4s. 9rf. ? Ans. 284. 

3. At jC12 Ids. 4d. a ton, how many tons can I 
buy for i:4034 5s. Ad. ? Ans. 316. 

4. At iri3 125. OJrf. a ton, how many tons can t 
buy for ir4039 16s. A^d. ? Ans. 297. . 

5. At £9 19s. \id. a ton, how many tons can I 
buy for i:9169 14s. l^rf. ? Ans. 921. 

6. At £4 10s. a ton, how much hay can I buy for 
£71 2s.? Ans. 15TL16cw^ 
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QUESTIONS ON SECTION 12. 

1. How do we add compound numbers ? 

2. How do we Bubtract one compound nunaber 
from another ? 

S. How is the multiplication of two compound 
numbers reduced to tbe multiplication of a fraction 
by a fraction ? 

4. How do we multiply when one of the numbers 
is simple? 

5. Is the taking of the aliquot parts subject to any 
rule, or are there varioiii ways of doing this ? 

6* What is to be observed in taking these parts ? 
7. What do we observe with regard to the nature 
of the units in the product ? 

6. How do we procede when the given numbers 
are both compound ? 

9. How do we operate when the aliquot parts are 
complicate ? 

10. Does the nature of the units in the product 
depend upon the nature of tbos^ in either of the 
factors, and if not how is it determined ? Give an 
example. 

11. How is a compound number divided by a fim* 
pie number ? 

12. What do we observe when the dividend and 
divisor represent quantities of the same species ? 

13* How is a compound number divided by a com- 
pound number of a different kind ? 

14. When the divisor and dividend are of the 
same kind, and the nature of the question requires 
that tbe quotient should also be of the same kind; 
how do we procede ? 

15. How do we operate when the nature of the 

Question requires that the quotient should be of a 
iff^^nt kind ? 

Section 13. 
GEOMETBICAXi RATIO AND SIMPLE PROPOjRTION. 

U4 When the first of two quantities of the^ame 
kind is divided by the second, the quotient is called 
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the raHo or relatiianot the first to the second. Thus 
the ratio of to 4 is | or 3 ; asd the ratio of 4 to 8 
is f or ^. 

The ratio of two quantifies is expressed bj two 
points, one above the other, placed between them. 
Thus 6 : 3 signifies the ratio of 6 to 3, and is read, 6 
is to S, - 

The two quantities are called the terms of the ra- 
tio ; the first term the antecedent^ the second the 
consequent* Thus, in the ratio ^: 3, six is the ante- 
cedent and three the consecyient. 

115* The value of a ratio is expressed bj placing 
the antecedent over the consequent, in the form of 
a fraction, and the value of a fraction is not altered 
(art* 58) when both its terms are multiplied or di- 
vided bj the same number. Therefore, a ratio is 
not altered when both its terms are multiplied or di' 
vided by the same number. Thus 24 : 32 is the same 
as 12 : 16, 6 : 8, or 3 : 4 ; that is to saj, ||=H=t 

•116. A proportion is formed of two equal ratios. 
Thus 8:4 and 6 : 3 form a proportion, each ratio 
being equal to 2. Four points are placed between 
the ratios, thus, 8 : 4 : : 6 : 3, and the proportion is 
read, 8 is to ^ as ^ is to 3« 

The first and last terms of a proportion are called 
the extremes^^xii the two middle terms the means. 

From the above proportion we have |=|, and, 

multipljing each of these fractions by 4, the deno- 

6X4 
minator of the first, we have 8= -; again, multi- 

plying ^ach of these equals by 3, the denominator of 
the second, we have 8 X 3=6 X 4. Hence the pro- 
duct of the extremes is . equal to the product of the 
meana, and this is evidei^tly the case in every pro- 
portion, because the reasoning here applied will ap- 
ply to any proportion whatever. 

117. Whofiifour quantities are such that the pi;o- 
duct of the extremes is ^qual to the product of the 
measS) they are in proportion. 



1 
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For example, take any fear soch nambers as 3, 9, 
% 6; then, aa 3X6=9X39 if we divide eack'of 

these eqaab by 9, we haye~^ =2 ; again, if we di- 

vide each by 6, we have f^^f ; but f is (art 115) 
the same as the ratio 3 : 9, and f the same as 3 : 6, 
and two equal ratios (art. 116) form a proportion. 
Wherefore the four numbers 3, 9, 2, 6 are propor- 
tionals, that is to say, 3 : 9 : : 2 : 6; 

In a similar manner we might show that when the 
product of the extremes is not equal to the product 
of the means, the quantities are not in proportion- 
Hence, if we put the extremes in the place of the 
means, and the means in the place of the extremes, 
or, if we change the places of the extremes or those 
of the means, the numbers will still be in proportion. 
Thus, from the above proportion, we have the fol- 
lowing proportions : 

3:9:: 2: 6 

6 : 2 : : 9 : 3 

6 : 9 : : 2 : 3 

9 : 3 ; : 6 : 2 

9 : 6 : : 3 : 2 

2 : 3 : : 6 : 9 

2 : 6 : : 3 : 9 
and it is the same with every proportion, because id 
all these changes the product of the extremes is still 
equal to the product of the means. 

11 8. The product of two numbers divided by 
either of them (art. 43) gives the other, and as the 
product of the extremes is the same as that of the 
means, iht product of the extremes divided by either 
mean gives the other mean, also the product of the 
means divided by either extreme gives the other ex* 
treme. Therefore, when three terms of a proportion 
are given, we can easily find the fourth. 

119. As the first term of a proportion has the 
same relation to the second that the third has to the 

fourtbf if 4he first is greater than the second, the 
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third mtidt be greater than the fourth; if the first is 
less than the second, the third muat be less than the 
fourth. Hence, if the fourth term is less than the 
thirds the second must be less than th6 first ; and if 
the fourth term is greater than the third^ the second 
must be greater than the first. 

120. In trade many questions occur, from the na- 
ture of which three terms of a proportion are made 
known and the fourth is required. Two of the three 
given quantities are of the same kind, and the re- 
maining one is of the same kind with the answer. 

To solve a question of this kind, write the quantity 
which is of the same kind with the answer for the 
third term ; then, from the reading of the question, 
find whether the answer or fourth term should be 
greater or less than the term written : if the answer 
should be greater, the greater of the two remaining 
terms must be the second ; but if the answer should 
be less, the greater of the two remaining terms must 
be the first. See the preceding article. 

Having arranged the^ three terms, divide the pro- 
duct of the means by the given extreme, which (art. 
117) will give the extreme sought. 

Note. The operation is much shortened by first 
dividing either of the means by the first term, or the 
first term by either mean ; or, finally, by dividing 
either mean and the given extreme both by the same 
number, whenever this is practicable. Now it i« evi- 
dent that this may b^ dooe, first, because (art. 115) 
a ratio is not altered when both its terms are divided 
by the same number, and lastly, because the two 
means are to be multiplied together ; and conse- 
quently it matters not, as to the result, which of them 
is taken for the consequent of the first ratio, only 
that there is an evident impropriety in saying that 
quantities of different kinds have a jrektion to one 
another. When some or all of the terms are com- 
pound numbers, care must be taken to reduce the 
tertns of the first ratio to units of the same order, ^ 
or to fcaotions of the same unit* The units of the j 

1 
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answer will be of the same kind as those to which 
the third term is reduced. 

Examples. 

1. If 5 J yards of cloth cost J519, what will 34 J 
yards cost, at the same rate ? 

As the answer must be money, I place ^19 for the 
third term; then, (art. 118,) as S^^i/ds. must evi- 
dently Cost more than 5lyds.^ I place the greater of 
the two remaining terms second, and I have 
yds^yds, . $ 

5|: 34^ :: 19 : the answer. 
Or, reducing the mixed numbers to improper frac- 
tions, . 

yds. yds. $ ' 

V • V • • 19 : the answer. 
Then, to find the fourth proportional, I multiply the 
two means and divide the product by the given c^x- 
treme. Now, to divide by a fraction, we invert it 
and multiply, (art. 72.) 1 therefore invert the first 
term, and have 

J2i|.^=n4 dollars 

for the answer. 

2. If 34| yards of cloth cost jSll4, what will df 
y^rds cost, at the same rate ? Ans. ^19. 

3. If 34| yards of cloth cost' $114, how much of 
the same can I buy for {$19 ? Ans. 5f yards. 

4. If 5f yards of cloth best JS19, how much of the 
same can I buy for $1 14 ? Ans. 34^ yards. 

5. If 16| bushels of wheat cost 13| dollars, what 
will 120^ bushels cost, at the same rate ? 

Ans. $\00fi2^. 

6. If l^Of bushels of wheat cost $100,62|, what 
will 16| bushels cost, at the same rate ? 

Ans. $13,8d8|. 

7. If 120f bushels of wheat cost $100,62^, how 

much of the same can I buy for $13,8 ? 

Ads« 16| bushels. 
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* 

8. If 16| bushels of wheat cost ^13f, how inuch 
of the same can I buy for ^100,625 ? 

Ans. 1 20^ bashels* 
Make the same changes in each of the five suc- 
ceding questions*. 

9. If 28ft of tea cost £5 \0s. 4d., what will 140tt) 
cost, at the same rate? ^ Ans. £51 6s. Qd* 

10. In what time will the interest of ^625 equal 
the intiEjirest of Jj546,87i for 96 days ? 

Ans. 84 days. 

11. Bought f of a ship for $5670. What is f of 
the ship worth, at that rate? Ans. ^6048. 

12. A person travelling 8 hours a day completes 
a journey in 14 days. In what time will he complete 
the same journey when he travels 12 hours a day at 
the same rate ? Ans. 9d* 4k, 

13. If a piece of land measuring 34^^. 3i?. 23P. 
cost jC168 95. 4c?.,how much will 56ji, 2/2. 13P. cost, 
at the same rate ? Ans. jC273 3^. 5f f ||(7. 

14. Lentmy neighbour $21 7| for 112 days. How 
long may I retain ^870 of hie money to be repaid ? 

Ans. 28 days. 

ftlLLS OF PARCELS. 

No. 1. 

New- York, 1 1th March, 1826. 

Messrs. Battelle, Collins, & Co. 

Bo't._ of Wetmore, McNab, &: Co. 

2315 yards cotton cloth, at 7|c?. per yard, 
1007 yards Irish linen, at Isp 7^d. per do. 
1421 yards checks, at 11 id. per do. 
1635 yards striped linen, at 3^. dj^^d. 

per do. 
408 yards fine holland,at 3^. 7f J. per do. 
2175 yards sheeting, at Is. l^d, per do. 
1 1 70 yards figured cloth, at 4s. 7^^ per do. 
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Kq. 2. V . ^ 

New-York, 16th May, 1826. 
Mr. Albert Riley, 

Bo't* of AHen^ Danshee, & Co. 
500 yards plain lawns, at 2$. 9|cf. per yd. 
640 yards stnpe4 ^o.^ at 2^. 3|df. per dp. 
858 yards flowered do., at 3^. 5^c?. 

per do. 
330 yards sprigged do., at35. 2fi?. per do. 
570 yards do. do., at 2s« 1 l^d. per do. 
940 yards silk gauzes, at Ss. 1 ^d. per do. 
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QUESTIONS ON SECTION 13. 

1* What is ratio^ and how is it expressed? 

2» What is the general name of the two quantities 
which form a ratio, and what the particular name of 
each? 

3. Why is the value of a ratio still the sanie when 
both its terms are multiplied or divided by the same 
number? 

4. What is pro^portion, and how is a proportion 
written ? - 

5. What is the fundameatal property of a propor- 
tion ? > 

6. How is this easily ascertained ? 

. .7. What changes niay be made in the position of 
the terms, so that they may still form a proportion ? 
0. When three terms of a proportion are given, 
how do we find the fourth ? 

9. When a question is proposed, from the nature 
of which three terms of a proportion are made known 
and the fourth required, how are the given terms ar- 
ranged ? 

10. How may the operation sometimes be short- 
ened ? . 

!!• How is the operation performed when some, 
or all of the given terms are compound numbers ? 

THE. END. 
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